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SUBHARMONIC SOLUTIONS NEAR AN EQUILIBRIUM POINT
FOR HAMILTONIAN SYSTEMS.

§0 INTRODUCTION.

In this work we study the existence of subharmonic solutions near an equilibrium
point for Hamiltonian systems

z2=JH,(z,1) (9.1)

where z = (p,q) € R?", J denotes the standard symplectic structure in R*"® and H,
denotes the partial derivative of H with respect to z.

We assume that the Hamiltonian H satisfies:
(HO) H is C? near z = 0,
(H1) H(0,t) =0, H,(0,t)=0 VteR,and
(H2) H is T—periodic in the t—variable.
Hypothesis (HO) and (H1) allows us to write the Hamiltonian as

H(zt) = -21-(A(t)z, 2)+ B(z,1) (0.2)

where A(t) denotes the Hessian matrix of H at z = 0 and H(z,t) = o(|z|?) represents
the higher order terms of the Hamiltonian.
We then can rewrite system (0.1) as

= JA@)z + JH.(z,1), (HS)

and z = 0 represents an equilibrium point of (HS).

The problem of finding subharmonic solutions near z = 0 for (HS) has been the
object of a considerable amount of work (See (2], (3], [7], [11], [12], and refercnces
therein). The first results are due to Birkhoff and Lewis in 1933, [3]. In 1968 Harris [7]
gave a more general version of the results of Birkhoff and Lewis. And in 1977 Moser
[11] presented an improved version of those mentioned above.

The work in [3] and [7] requires a strong nonresonance condition on the Floquet
exponents of the linearized system. This allows reduction of the Hamiltonian to the
Birkhoff normal form. With an additional assumption of nondegeneracy on the higher
order term they prove the existence of subharmonics. r

Moser in [11] restricted the nonresonance condition only to the Floquet exponents
on the imaginary axis by reducing the problem to the center manifold. The nondegener-
acy condition on the higher order terms was also imposed only on the center manifold.
Moser presented his results working in the context of symplectic diffeomorphisms rather
than directly with (HS). The differentiability hypothesis on the map was also reduced
to the class C3. _Distributions
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The work of Rabinowitz in [12] gave another direction in the methodology to attack
the problem. By using minimax techniques of a global nature he proved the existence
of subharmonics. He assumed that the linearized system has all its Floquet exponents
on the imaginary axis, and different from each other, and that the higher order term
is superquadratic in an appropriate way. He also obtain the result when the linearized
system is trivial, i.e. A(t) =0.

Recently, Benci and Fortunato [2] gave weaker conditions on the Floquet exponents
of the linearized system, keeping the higher order term H superquadratic.

Comparing the results of [3], [7], and [11] with those in [2] and [12], we see that in
the latter the condition on the linear part is relaxed by assuming a stronger condition
on the higher order term.

In this work we generalize results in [2] and [12]. In the first place we relax the
conditions on the Floquet exponents. In the second place we reduce the system to the
center manifold and we require the higher order terms of the reduced Hamiltonian to
be superquadratic.

A more precise description of the results follows. Let us consider the linearized

system
z = JA(t)z. (0.3)

After a coordinate transformation (0.3) can be written as
2= JBz (0.4)

where B is a constant symmetric matrix. The matrix JB can be further transformed
into a canonical form where only symplectic changes of coordinates are allowed.

It is the nature of the canonical fcrm of JB that will determine the possibility of
solving (HS) for subharmonics.

We do not expect to find subharmonic solutions in the case all Floquet exponents
are outside the imaginary axis. See examples in [2] and [11]. Thus we will assume that
there is at least one purely imaginary Floquet exponent. However , as we will see in
Section 3, this is not sufficient.

In Section 2 we will define a Floquet exponent of positive, negative or indefinite
type. This is a symplectic invariant related to a perturbed eigenvalue problem for the
blocks of the canonical form of JB.

In terms of this notion, we assume

(H3) The linear system (0.3) has at least one purely imaginary Floquet exponent that
is not of negative type.

For the higher order term H we will assume
(H4) There are constants r > 0,¢ > 0,¢ +2 > p > ¢ > 2 that

(H.(2,t),2) > ¢H(z,1) > |27,
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VzeR?™ |z|<r and VteR.
Then the following theorem holds.

Theorem I.

Suppose (H0), (H1), (H2), (H3) and (H4) hold. Then there is an integer N so
that for every k > N there exists a nontrivial solution zx of (HS) with period kT, and
{zx}32 5 converges to zero as k — oo uniformly in C'(R,R?*").

Remark 0.1. Benci and Fortunato in [2] considered the following hypothesis on the
linearized system (0.3).

(H3’) Every symplectic matrix sufficiently close to X(T') has at least one eigenvalue on
the unit circle.

Here X(t) represents the fundamental matrix of (0.3), i.e. X(t) satisfies
X(O) -_— I2n (0.5)

X(t) = JA®)X(2). (0.6)
We will show that (H3’) implies (H3), but the converse is not true. See Section 3.3.

Remark 0.2. In [12] results similar to Theorem I were given in the case A(t) = B is
constant and either B = 0 or JB has purely imaginary eigenvalues, all different. We
will see that both cases satisfy hypothesis (H3). We note that B = 0 does not satisfy
hypothesis (H3’) of Benci and Fortunato.

Remark 0.3. In the election of the names Floquet exponent of positive, negative or
indefinite type we want to reflect the possibility of finding subharmonics for (HS) with
the higher order term H satisfying (H4) or the opposite:

(H4-) There are constants r > 0,¢ > 0,g+2 > p > ¢ > 2 such that
(Ha(z,1),2) < —qH(2,8) < —clef?

Vz € R™,|z| <rVteR,
or both. See Remark 3.4.

Remark 0.4 Our hypothesis (H4) is slightly more general that the corresponding one
in [2] and [12]. They assume p = ¢. This will be needed in the results obtained on the
center manifold. See Section 4.

Remark 0.5. If we further assume that 0 is not a Floquet exponent for (0.3) then
using an argument given in [2], we can prove that the solutions given by Theorem I
have minimal period kT, for k large and prime. This hypothesis requires that the
only T-periodic solution of (0.3) be the trivial one. It will be violated if (HS) is the
variational equation about a periodic solution of an autonomous system.
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Theorem I gives a result generalizing earlier works by relaxing conditions on the
linearized system. The second goal of this work is to generalize condition (H4), that
has to do with the nonlinear term H.

By assuming extra differentiability

(H5) H is C? near z = 0,
we reduce system (HS) to the center manifold. Specifically we will obtain a Hamiltonian
system

w = JB(t)w + JKy(w,t), (0.7)

where the linearized system
v = JB(t)w (0.8)

has all Floquet exponents on the imaginary axis.
We assume

(H6) There are constants ¢ > 0,7 > 0,¢+2 > p > ¢ > 2 such that
(Ku(w,t),w) 2 ¢K(w,t) 2 clwl?

Ywe R*™ jw| <rVteR.

where 2m is the dimension of the center manifold of (HS).
An application of Theorem I will give

Theorem I1.

If (H5), (H1), (H2), (H3) and (H6) hold then there exists an integer N so that for
every k > N there exists a nontrivial solution 2y of (HS) with period kT and {zx},
converges to zero as k — oo uniformly in C*(R,R?").

Remark 0.6 Since hypothesis (H6) is in general hard to check we are interested in
giving conditions on the original function A that imply (H6).

Roughly speaking, if the superquadratic condition in (H4) is satisfied for every z
on the center manifold then (H6) holds. A precise formulation of this condition is given
in Section 4.4.

This work is organized in 4 Sections and 3 Appendices. In Section §1. we recall some
basic results about Hamiltonian matrices. In particular we discuss the canonical form
for Hamiltonian matrices. In Section §2 we define the concept of eigenvalue of positive,
negative and indefinite type, and we study some consequences related to a perturbed
eigenvalue problem for the canonical blocks. In Section §3 we study a generalized
eigenvalue problem associated to (0.3) and we prove a proposition fundamental in the
proof of Theorem I. Then we prove Theorem I. In section §4 we describe the reduction
to the center manifold and we prove Theorem II.

In Appendix A we describe some basic properties of the logarithm of matrices. In
Appendix B we go briefly through perturbation theory for eigenvalue problems with

5




symmetric matrices and we apply it to give a proof to the results in Section §3. And
in Appendix C we present the changes necessary to the proof of the Center Manifold
Theorem in order to suit our needs.

I want to express my gratitude to my thesis advisor Professor Paul Rabinowitz for
his guidance, encouragement and patience. Also I want to thank professor E. Zehn-
der who calls to my attention the paper by Laub and Meyer on canonical form for
Hamiltonian matrices.

TABLE OF CONTENT.
§1.BACKGROUND ON HAMILTONIAN MATRICES (7)

§2.PERTURBED EIGENVALUE PROBLEM FOR THE CANONICAL BLOCKS.(10)
§2.1 Definitions.11. §2.2 Perturbed eigenvalue problems.11. §2.3 i as a special
eigenvalue of a Hamiltonian matrix.14.

§3.PROOF OF THEOREM 1.(17)
§3.1 The Linearized Problem.18. §3.2 The Nonlinear Problem.25. §3.3 Benci-
Fortunato’s condition and a counterexample.34.

§4.REDUCTION TO THE CENTER MANIFOLD AND PROOF OF THEOREM II.
(38)

84.1 Reduction to a system with a constant linear term.38. §4.2 Reduction of (4.13)
and (4.14) to the center manifold.41. §4.3 Transformation of (4.25) via the Darboux
Theorem.43. §4.4 Analysis of Hypothesis (H6).50. §4.5 Proof of theorem II.55.

APPENDIX A. LOGARITHM OF A MATRIX.(57)

APPENDIX B. BRIEF PERTURBATION THEORY FOR SYMMETRIC MATRI-
CES.(61)

APPENDIX C. THE CENTER MANIFOLD THEOREM.(69)

BIBLIOGRAPHY.(76)




§1.BACKGROUND ON HAMILTONIAN MATRICES

In this section we will describe some basic facts about Hamiltonian matrices. In
particular we will present the canonical form of a Hamiltonian matrix; this canonical
form show the symplectic invariants we will use in our study of subharmonics solutions

for (HS).
A constant real matrix C satisfying

JC'T=C (1.1)

is called Hamiltonian matrix. Here J, as usual, denotes the standard symplectic struc-
ture in R?"

o I
J=(_I 0), I=1, (1.2)

and T denotes the transpose of a matrix. We note that if B is a symmetric matrix, then
JB is a Hamiltonian matrix, and conversely, if C is a Hamiltonian matrix then B =
JC is symmetric. Hamiltonian matrices correspond to the linear part of autonomous
Hamiltonian systems.

If C is the matrix of a linear system
z=Cz (1.3)

where C is Hamiltonian, then we can transform (1.3) through a linear change of coor-
dinates @ without changing the Hamiltonian structure if @ satisfies

Q IQ=J. (1.4)

A matrix Q satisfying (1.4) is called a symplectic matrix.

The transformation Q~!CQ, with @ a symplectic matrix, defines a similarity rela-
tion. In such a situation canonical forms are of great interest.

Williamson, in [15], obtained the basic results for canonical forms of Hamiltonian
matrices . A more constructive presentation of canonical forms is proposed by Laub
and Meyer [10]. We will take the canonical form as presented in the paper of Bryuno
[4], there simpler canonical forms than in [10] are given.

Before discussing the canonical forms, we state some basic lemmas on Hamiltonian
matrices. For the proof we refer the reader to [10].

Lemma 1.1.

If \ is an eigenvalue of the Hamiltonian matrix C then —\, X and —X are also
eigenvalues of C with the same multiplicity as A. In particular 0 has even multiplicity
if it is an eigenvalue of C.

With respect to the eigenspace associated to an eigenvalue of a Hamiltonian matrix
we have the following lemma.




Let us define

nk()) = ker(C — AI)*, and (1.5)
n(A) = | me(X). (1.6)
k>1

Lemma 1.2.
If C is a Hamiltonian matrix and A is an eigenvalue of C then if p is another
eigenvalue of C, u # — A implies

(z,Jw)=0  Vzen(r), VYwen(A).
Corollary 1.1.

If C is a Hamiltonian matrix and Q 1s an invertible matrix so that

J=Q7'cq (1.7)
is the real Jordan canonical form of C, then
QT']Q = diag(leQZ’-"aQ})) (18)

is a block diagonal matrix with one block g¢; for each pair (A, —)) of eigenvalues of C.

Even though the real Jordan canonical form of a Hamiltonian matrix already shows
some special structure, it is not enough for our purposes. The next theorem gives
the (real) canonical form of a Hamiltonian matrix when only symplectic changes of
coordinates are allowed. The proof can be found in [4] and [15].

The following notation will be useful in this and the next sections.

0O ... 00 0 ... 01
1 ... 00 o ..o1 0

d=1. . . .| E=}]. S B (1.9)
0 ... 10 1 ... 00

A = diag(1,0,...,0) and I=1I,.

The size of each matrix will be easily determined by the context.

(1.10)

Theorem 1.1.
If C is a Hamiltonian matrix then there exists a symplectic matrix Q such that

(D“ 0 0 Dy, 0 0 \
0 Dy, 0 0 Do 0
-1 _ O 0 D], 0 0 D23
QTCR=|p, o 0 Dy O 0 (1.11)
0 D32 0 0 -D42 0
\ 0 0 D3a 0 0 D4s}




where the matrix formed by combining blocks in the same relative position

_ [ D1i Dy
b= (B 22) .

has a simple form analogous to the real Jordan canonical blocks. Every block is as-
sociated to one eigenvalue of C, but there can be more than one block for a specific
eigenvalue. More precisely the matrices D;, that we call generically D, can have one of
the following forms:

1. Block of C1 type.
Block associated to an eigenvalue A = a +13, «a > 0,8 > 0 of multiplicity l.

ol +d —-pI 0 0
_ pI al +d 0 0
b=1 "% 0 —al-d* —fI (1.13)
0 0 BI —al -d7
Here D is a 41 x 4] matrix.
2. Block of C2 type.
Block associated to an eigenvalue A = a, a > 0 of multiplicity l.
_f[al+d 0
D= ( 0 _aI_d,> (1.14)
Here D is a 2] x 2] matrix.
3. Block of C3 type.
Block associated to an eigenvalue A =i, 3 > 0 of multiplicity .
_ 0 K(BI +d7)
D“’(—I((ﬂl+d) 0 ) (1.15)

Here D is a 21 x 2l matrix. The number ¢ can be 1 or -1, and it is an additional
symplectic invariant.

4. Block of C4 type.
Block associated to the eigenvalue A = 0 of multiplicity | odd.

D= (g -?r) (1.16)

Here D is a 21 x 2] matrix.

5. Block of C5 type.
Block associated to the eigenvalue A = 0 of multiplicity l.

D= (g f?,) (1.17)

9




Here D is a 2l x 2] matrix. The number ¢ can be 1 or —1, and it is an additional
invariant.

Remark 1.1. If we compare with the real Jordan canonical blocks, we see that the
canonical blocks described in the theorem are more complicated and cases C3 and C5
carry an extra invariant, namely o.

In what follows we only be interested in blocks of C3, C4, and C5 type, i.e. in
blocks corresponding to purely imaginary eigenvalues.

The following lemmas are rather obvicus, but we state them for later reference.

In the case of a block of C3 type we can write

D=—-cpV —-0oW (1.18)

0 -K 0 —-Kd
V_(K 0) and W—(Kd 0 > (1.19)
Lemma 1.3.

1. V and W are Hamiltonian matrices.
2. VJ and WJ are symmetric matrices.
3. V commutes with W and J.

4. V is invertible, and W is nilpotent.

where

Proof. Parts 1., 2. and 4. are direct and part 3. requires an easy computation. ¢

Lemma 1.4.

exp(2rV)=1 (1.20)

Proof. Noting that KK = I, for a € R we have

Vv ’I
exp(aV)=I+al—‘—g2—'—-+
= cos(a)l + sin(a)V.O

§2. PERTURBED EIGENVALUE PROBLEM FOR
THE CANONICAL BLOCKS.

This section is devoted to the definition of eigenvalue of positive, negative or indef-
inite type, in the case of purely imaginary eigenvalues of Hamiltonian matrices.

The definitions we are going to make are motivated by the application to subhar-
monic solutions of Hamiltonian systems that we will present in next section. However,
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we can already see the meaning of these definitions in studying some perturbed eigen-
value problems for the canonical blocks . In Section §3 we will see how this is related
to the existence of subharmonics for the Hamiltonian system (HS).

§2.1. Definitions.

In the following definitions we assume we have a Hamiltonian matrix C, and we
have obtained a symplectic transformation @ that takes C into its canonical form. D
will denote a generic block in the canonical form of C as given by Theorem 1.1.

Definition 2.1.We say that a 21 x 21 block D is positive (negative) if one of the following
is true:

1. D is a block of C3 type, l iseven and 0 =1 (0 = —1).

2. D is a block of C5 typeand o =1 (0 = —1).

Definition 2.2.If ) is a purely imaginary eigenvalue of the Hamiltonian matrix C we
say that \ is of positive type (negative type) if all blocks associated to A\ are positive
(negative). We say *hat A is of indefinite type if A is not of positive type nor of negative

type.

Remark 2.1. The concepts of positive, negative and indefinite type are symplectic
invariants.

Remark 2.2. See Remark 3.6 for a perturbation result for blocks of positive type and
of negative type.

§2.2. Perturbed eigenvalue problems.

Given a block D of the canonical form of a Hamiltonian matrix, that is of C3, C4
or C5 type we will define an associated eigenvalue problem depending on a parameter €.
Using perturbation theory we can study the behaviour of the eigenvalues of the problem
as a function of €. In particular we are interested in the sign of the small eigenvalues
for small values of the parameter . The results are given in Propositions 2.1, 2.2 and
2.3. We delay the proof of these propositions to Appendix B.

Case 1. Block of C3 type. Using the notation given in Section §1 we can write a
block of C3 type in the form
D=—-0pV-0oW (2.1)

where V and W were defined in (1.19).
Let us consider the following eigenvalue problem

—(eV+ oWl +AJv=0 (2.2)
where € € R and v € R%. We study the eigenvalue A as a function of e.
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This problem is equivalent to
(eVI+oWJw+Aw =0, w=Jv. (2.3)

From Lemma 1.3 we know that this is a symmetric eigenvalue problem, so that the
behaviour of the eigenvalues of (2.3) near € = 0 can be determined by using the pertur-
bation theory for such problems.

The simplest case occurs when the block D in question is 2 x 2 ,i.e. { = 1. Then

we have
1 0 00
VJ—(O 1) and WJ—(O 0).

Obviously 0 is an eigenvalue of WJ of multiplicity 2, and for € # 0, (2.3) has
Me) = —e : (2.4)

as a double eigenvalue.

The situation in the general case is more complicated. It is easy to see that the
matrix W J has 0 as an eigenvalue of multiplicity 2. We want to determine what happens
to this eigenvalue for small € # 0. From Theorem B.1 we know that the eigenvalues of
(2.3) are analytic functions of € near ¢ = 0. Thus A = 0 will be continued as

Ajle) =Aje+ Al 4+ j=1,2 (2.5)

Since the matrix V is invertible, W is nilpotent and, V' and W commute, the matrix
(eV 4 oW)J is invertible. Consequently in the series (2.5) there is at least one nonzero
coefficient. The following proposition determine the first nonzero coefficient.

Proposition 2.1.
If the block D is 21 x 2l then the series (2.5) can be written as

ey =o'l =)l +... =12 (2.6)

Proof. See Appendix B.$

Remark 2.3. If D is a positive block of C3 type then according to Definition 2.1 [ is
even and ¢ = 1, this implies that

Aj(e) =€ +.. 1=1,2

is positive for € # 0 in a ncighborhood of 0. If D is a negative block then Aj(e) is
negative near zero. If D is not positive nor of negative type then Aj;(e) takes positive
and negative values near 0.
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Case 2. Block of C4 type. We recall that a block of C4 type, according to Theorem

1.1 has the form p
0
o=t 2) -

here D is a 2! x 2] matrix, with [ being odd.
As in the case just treated we will consider an eigenvalue problem

(eI + D)+ AJv=0, (2.8)
with v € R?! and € € R, or equivalently
(—eJ -DJNYw+Iw =0, w=Jv. (2.9)

The matrix DJ is easily seen to be symmetric, and iJ is hermitian. We can treat (2.9)
using perturbation theory as before. The eigenvalues continuing A = 0 have the form
(2.5) and the next proposition determine the first nonzero coefficient in the series.

Proposition 2.2.
If the block D is 21 x 2l of C4 type then the series (2.5) can be written as

Ai(e) = (1Y +...  j=1,2. (2.10)

Proof. See Appendix B.

Remark 2.4. We observe that for € small Aj(e), 7 = 1,2 takes positive and negative
values. According to Definition 2.1 a block of C4 type is not positive nor negative.

Case 3. Block of C5 type. Now we turn to study blocks of the C5 type, where again
the invariant ¢ appears.
From Theorem 1.1, a block of this type is of the form

d oA
o=t %)

with D a 2! x 2] matrix and 0 =1 or ~1.
We consider the eigenvalue problem

(eI + D)v + XJv =0, (2.11)
with v € R? and € € R, or equivalently
(—eeJ = DJ)w + Aw =0, w = Jv. (2.12)
DJ is symmetric and ¢J is hermitian. We apply again perturbation theory.

13




Proposition 2.3
If the block D is 21 x 21 of C5 type, the eigenvalue of (2.12) continuing A = 0, can
be written as
Ae) = ae®D 4 (2.13)

Proof. The proof of this proposition goes through the same lines as as the proof of
Proposition 2.1 and 2.2. We omit it.{

Remark 2.5. By analyzing (2.13) in the case D is a positive block we can see that A(¢)
is positive in a neighborhood of € = 0. Similarly if D is negative then A(e€) is negative
near € = 0.

§2.3 i7 as a special eigenvalue of a Hamiltonian matrix

If we want to study a Hamiltonian system like
z = JA(t)z + o(|2]),

and we assume that A(t) = A is constant then JA4 is a Hamiltonian matrix and we can
apply the Definitions 2.1 and 2.2 to JA. If A(t) is time dependent then, using Floquet
theory we can transform the system to one with a constant linear term. However if the
system has negative Floquet multipliers we need to deal with a new situation.
Hamiltonian matrices can be obtained from symplectic matrices by taking the log-
arithm. A special situation arises when the symplectic matrix has negative eigenvalues.

To begin we recall some results that are the symplectic analogues of Lemmas 1.1
and 1.2. The proofs can be found in [10].

Lemma 2.1.

If X is an eigenvalue of a symplectic matrix X then 1/, X, 1/X are also eigenvalues
of X with the same multiplicity as A. In particular 1 and —1 have even multiplicity if
they are eigenvalues of X.

Let us define

£x(X) = ker(X — A)¥, and (2.14)
e = | &0, (2.15)
k>1
and similarly 3
£x(A) = ker(X ™! = AI)*, and (2.16)
£ = U €k (2.17)
k>1
Then we have
14




Lemma 2.2.
If X is a symplectic matrix and XA is an eigenvalue of X then

1 €(2) = £(1/X)
2. If u is another eigenvalue of X then u # 1/X implies

(5 Jw)=0  Vz€é(), Ywe ().

Corollary 2.1.
If X is a symplectic matrix and Q is an invertible matrix so that

J=Q1XQ (2.18)
is the real Jordan canonical form of X, then

QTJIQ = diag(q1,92,.-.,9p) (2.19)

is a block diagonal matrix with one block g; for each pair (A,1/A) of eigenvalues of X.

For X symplectic let us consider
C = log(X) (2.20)

where log denotes the logarithm defined in Appendix A. If X does not have eigenvalues
on the negative real axis then C is a real Hamiltonian matrix (See Lemma A.2 and A.3).
However, if X has negative real eigenvalues C is no longer real. The matrix C is not
Hamiltonian in the sense we defined before, but it satisfies

JC*J=C (2.21)

where * denotes the conjugate transpose of C. For such a matrix C we want to have
‘real’ canonical forms. We will reduce this question to Theorem 1.1.

Let us assume that X has 2p negative eigenvalues, and let us reorder J as

J= (‘{)P J‘.’q) (2.22)

where J, and J; are the standard symplectic structures in R?? and R?7 respectively.
Here ¢ = n — p. From Lemma 2.2 there is an invertible matrix @ so that

QIQ=J (2.23)
and
Y =Q71X0Q (2.24)
15




is a block matrix

Y= (’g’ }%) (2.25)

Y[ J;Y; = J;, 7 =Dp,q (2.26)

with

and Y, has only negative eigenvalues, while Y, does not have negative eigenvalues.

Let
S; = log(Y;), J=p9q (2.27)

then, by Lemma A.3, we have
J;jS;J; = Sj, ] =Dp,4q. (2.28)
Lemma A.2 guarantees that S; is real, and Lemma A4 gives that
Sy =irlhp+ S, (2.29)

where 5, = log(—Y}) is a real matrix, and Iz, is the identity in R??.
From (2.28) we see that S, satisfies

J,,S;Jp = S,. (2.30).
If we define _
= (L O (S5 ©
I_<0 0) and S-(O Sq)
then we have
log(Y)=inrI+S (2.31)
and the real matrix S satisfies o
JSTJ =S. (2.32)
If we define
Ci=7QIQ™! and C,=QSQ™! (2.33)

then from (2.31) , (2-32) and the block structure of I, J and S the following hold

C =iCi +Cy, (2.34)
JCri =, (2.35)
JCIT =—C;, and (2.36)
CiCr = C,C:. (2.37)
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If —1 is an eigenvalue of X of multiplicity 2k then 0 is an eigenvalue of multiplicity 2k
of 5, and from (2.30) S, is a Hamiltonian matrix. We have the following extension of
Definition 2.2.

Definition 2.3.Let X be a symplectic matrix, and C = log(X). If —1 is an eigenvalue
of X of multiplicity 2k, then ir is an eigenvalue of C of multiplicity 2k and we say that
in is of positive type (negative type or indefinite type) if and only if 0 is an eigenvalue
of positive type (negative type or indefinite type) of the matrix S,.

§3.PROOF OF THEOREM 1.
In this section we begin the study of the Hamiltonian system (HS)
= JA@)z + JH.(2,1)
where the Hamiltonian function is
H(zt) = %(A(t)z,z) + H(z,1) (3.1)

and we assume it satisfies the basic hypotheses:
(HO) H is of class C? near z =0,
(H1) H(0,t) =0 and H.(0,t) =0 VteR,
(H2) H is 1-periodic in the t-variable.

Assuming that H is 1-periodic instead of T-periodic does not restrict the analysis.
Under these hypotheses (HS) represents the Hamiltonian system

i = JH,(z,1), (3.2)

A(t) is the Hessian matrix of H with respect to z at z = 0, and H represents the higher
order terms of H, H(z,t) = o(|z|?) uniformly in ¢, for z near 0.

Let us consider the linear system
z = JA(t)z. (3.3)
If X(t) is the fundamental matrix if system (3.3), i.e.
X(0) = I, (3.4)

X(t) = JA(H)X(t) (3.5)

we define X = X(1) and C = log(X), where the logarithm is defined in Appendix A.
The eigenvalues of C are called the Floquet exponents of (3.3). We will assume
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(H3) There is at least one Floquet exponent of (3.3) on the imaginary axis that is
not of negative type.

In other words, (H3) says that C has at least one purely imaginary eigenvalue that is
not of negative type. Finally we assume

(H4) There are constants ¢ > 0,7 > 0,¢g+ 2 > p > ¢ > 2 such that
(ﬁZ(z’t)7Z) 2 qﬂ(Z,t) 2 clz|P (3.6)

VzeR®™, |z|<r, VteR.
In this section we will prove

Theorem I

If (HO), (H1), (H2), (H3) and (H4) hold, then there is an integer N so that for
every k > N, there exist a nontrivial solution z; of (HS) with period k, and {zx}x>nN
converges to zero as k — oo uniformly in C!(R,R?").

Remark 3.1. In Section §4 we will see that adding some differentiability to H we will
be able to prove the result of Theorem I under less restrictive conditions than (H4),
namely we need only to assume (3.6) holds on the center manifold of (HS).

The proof of Theorem I is presented in the next two sections. We begin in Section
§3.1 by proving a result on a generalized eigenvalue problem associated to (3.3). For
that purpose we transform (3.3) to a linear system with constant coefficients and then
we analize the resulting system in terms of the canonical form associated to it. Next we
study the nonlinear problem in Section §3.2 using variational methods.

§3.1 The Linearized Problem.

The proposition we will prove now is the basis of the proof of Theorem I. It is
here that hypothesis (H3) is crucial. We will first reduce system (3.3) to a system
with constant coefficients via Floquet Theory. Because the matrix X = A(1) can
have negative eigenvalues we will need to introduce complex matrices or change our
periodicity condition on the solutions. We prefer the second, because in Section §4 this
will be more convenient.

Let R be a matrix so that R? = I.

Definition 3.1.
Let k € N, a function z : R — R?" is said to be Rk-periodic if

2(t+ k) = RFz(t) VteR. (3.7)
We note that every R-periodic function is 2-periodic.
Lemma 3.1.
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There are matrices Cr, R and P(t) so that C, is Hamiltonian, R? = I, P(t) sym-
plectic and P(t + 1) = P(t)R Vt € R for which we have
z(t) is a k-periodic solution of (3.3) if and only if

£(t) = P(t)7"2(t)
is an Rk-periodic solution of

£ =C,E. (3.8)

Proof. The proof is an application of Floquet theory. Let X(t) be the fundamental
matrix of (3.3) as defined above. Since (3.3) is Hamiltonian X'(t) satisfies

X()TJX(t)=J VteR. (3.9)

To obtain (3.9) we differentiate the matrix Z(¢) = X' ()" JX(¢) and use (3.4), (3.5) and
the fact that A(t) is symmetric. Identity (3.9) says that A(t) is symplectic for every
t € R, consequently X = X(1) is symplectic.

By Lemma A.3 there is a matrix C so that

X =exp(C), and (3.10)
Cc=1JCJ. (3.11)

As we have mentioned before C is not necessarily real because X can have negative
eigenvalues. However we can always decompose C as C = :C; + C, with C; and C.
satisfying (2.35), (2.36) and (2.37).

Let us define

P(t) = X(t)exp(—C,t) (3.12)
then P(¢) is invertible and obviously
X(t) = P(t)exp(Cyt). (3.13)

Since X (t) is symplectic and C, satisfies (2.35) P(t) is also symplectic, i.e.
P()yTJP(t) = J. (3.14)
On the other hand, since (3.3) is 1-periodic it is easy to see that
X(t+1) = X(t)X(1).

Therefore P(t+1) = X(t + 1)exp(—Ci(t + 1))
= X(t)X exp(—C)exp(—C,t +iC})
= X(t) exp(—C,t)exp(:C;)
= P(t)exp(iC;).

(3.15)

19




where we used (2.37) and the definition of P(t). If we define
R = exp(iC;j) (3.16)
then from the definition of C;j, (2.33),
R*=1 (3.17)
and what we showed in (3.15) becomes
P(t +1) = P(t)R. (3.18)
Finally we have the following identity obtained from differentiating (3.14) and using

(3.5) )
P(t) + P(t)C, = JA(t)P(t). (3.19)

Let z(t) be a k—periodic solution of (3.3), and £(t) = P(t)~1z(t). Then by differentiating
2(t) = P(t)é(t) and using (3.3) we obtain

P(t)E(t) + P(E(t) = JA)P(£)E(2)- (3.20)
Using (3.19) in (3.20) and multiplying by P(t)~! we have
£=Crt.
Since P(t) satisfies (3.18), and z is k—periodic we have
E(t + k) = RR¢(2).

The reverse implication is also easily obtained.$

Next we prove a lemma that will be used in Section §4, which is a sort of inverse
of Lemma 3.1 in the sense that finding Rk-periodic solutions of a system like (3.8) is
equivalent to find k-periodic solutions of a system with variable coefficients. Note that
this is not given by Lemma 3.1 because in this situation we do not have the fundamental
matrix X(t) available.

We defined R in (3.16) in terms of C;. We recall that C; was defined in (2.33) as

C; =nQIQ™?

where Q is a symplectic matrix, and [ is given by
(% 0)
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We can write the matrix R in a different way, and we do it now. If

I = (‘%P g) (3.21)

. 0 I
Iz;r:(_Ip 5’), (3.22)

then it is easy to see that for the matrix

with

C; =mQIQ™ (3.23)

we have

R = exp(Cy). | (3.24)

Lemma 3.2.
€(t) is an Rk-periodic solution of

£=0Crt
if and ouly if w(t) = R(t)é(t) is a k-periodic solution of
W = (R(t) + R(t)Cr)R™ (t)w :
where R(t) = exp(C;t).

Proof. By direct calculations.{

Remark 3.2. We note that in general the matrices C; and C, do not commute. That
is the reason why we cannot use C, + C; as the logarithm of X.

The following proposition is fundamental.
Proposition 3.1.

Assume the linear system (3.3) satisfies (H3). Then there is a 1-periodic, continuous
matrix function U(t), that is symmetric and positive definite, such that for every k € N
there is a k—-periodic function zi, and a number Ag, A > 0 and Ay = O(1/k) as k — oo,
satisfying

z=JA(t)z + AJU(2)z. (3.25)

In other words the generalized eigenvalue problem (3.25) has at least one eigenvalue
Ar > 0 with Ap = O(1/k) as k — oo.

Proof. From Lemma 3.1 we can transform (3.3) into
£=C
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with C, a Hamiltonian matrix. Let N be the canonical form of C, as in Theorem 1.1.
Then there is a @ so that
Q"JQ=J and (3.26)

Q7'C.Q = N. (3.27)
From hypothesis (H3) we know that IV has at least one eigenvalue ) that is purely
imaginary and not of negative type. For that eigenvalue there exists a 2] x 21 block D

that is not negative.
Let k£ € N, and consider the following eigenvalue problem

z =Dz + Az, z(0)=z(k) (3.28)

where € R?\, )\ € R and J is the standard symplectic structure in R?’. We do not
distinguish the dimension; it will be clear from the context.
The block D can be of C3, C4, or C5 type. We analyze each case separately.

CASE 1. Block of C3 type.
In this case A =3, 8 > 0, and the matrix D has the form given by (1.18)

D=-0pV —-cW (3.29)

Let @ € [—27,27] so that exp(—ia) = exp(—ioSk); we determine the sign of a later.
The eigenvalue problem (3.28) is related to

~(aV + koW)v + AkJv = 0. (3.30)
In fact, let us assume (), v) satisfies (3.30) and let us define
zi(t) = exp((—oBV — cW + AJ)t) v (3.31)

Certainly z(t) satisfies the differential equation in (3.28), but it also satisfies the bound-

ary condition
zi(k) = exp(k(—0BV — oW + AT)) v

= exp(—oBkV)exp(—ckW + A\kJ)v
= exp(—aV)exp(—ckW + AkJ)v
= exp(—aV — ckW + AkJ)v
= v,
here we used Lemmas 1.3 and 1.4, the definition of @ and (3.30). Thus it is enough to

study (3.30).
Dividing (3.30) by k we get

—(%v +oW)v+AJv =0 (3.32)
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that is exactly the eigenvalue problem (2.2), with € = a/k. Because D is not negative,
considering a with the adequate sign, from Proposition 2.1 we have that for every k
large enough there is a A > 0, an eigenvalue of (3.32) and hence of (3.30). Moreover
Ar = O(1/k).

Thus, for every k € N large enough, (3.28) has an eigenvalue Ay > 0, with Ay =
O(1/k) and associated eigenfunction z; that is k-periodic.

The remaining cases correspond to blocks of C4 and C5 type. These blocks have
two possible origins, they can come from an eigenvalue 0 of C or from the eigenvalue iw
of C. We distinguish between the two possibilities.

CASE 2. Block of C4 type ( A = 0 is an eigenvalue of C) In this case the matrix D

has the form P
0
b= (o —d’.)

Let o = 27 and consider the eigenvalue problem

(atl + kD)v + AkJv = 0. (3.33)
If (A, v) is a solution of (3.33) then the function

zi(t) = exp((D + AJ)t) v (3.34)
satisfies equation (3.28). Using (3.33) we see that

zi(k) = exp(kD + AkJ)v
= exp(27il + kD + AkJ)v
=v

so that z; is k—periodic. Thus it is enough to solve (3.33), but dividing (3.33) by % we
see that it corresponds exactly to the eigenvalue problem (2.8) with e = 27 /k

(gk’iiu DYv + AJv =0

and Proposition 2.2 guarantees that for large k there is a Ay > 0, Ay = O(1/k), an
eigenvalue of (3.33). Thus we have obtained the same conclusion as in Case 1.

CASE 3. Block of C4 type (corresponding to the eigenvalue A = i7 of C). Here we
proceed as in Case 2 but we will take

a.z{ﬂ' if k£ 1s odd
k 2n if kis even

The only difference with Case 2 is that the corresponding function ; will satisfies
zi(k) = (=1)Fz4(0).
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CASES 4 and 5. D is a block of C5 type (corresponding to A = 0 or iw of C).
This cases are similar to Cases 2 and 3 respectively. We note that D is of positive type
so that from Proposition 2.3 we can guarantee that the eigenvalue Ax can be chosen
positive and also of order O(1/k).

Now we summarize what we have. From (2.33) and (3.16) we see that

R=QR Q7!

_ (I O
Rl—( 0 IZq)

Then, what we have shown is that the eigenvalue problem

where

€= NE+ATE, (k) = RE¢(0) (3.35)

has an eigenvalue Ay > 0, Ay = O(1/k) with eigenfunction &k, for any k € N large
enough.
Changing coordinates, wi(t) = Q&i(t) satisfies

w=Crw+AQJQ 'w,  w(k)= R*w(0). (3.36)
Finally defining
zk(t) = P(t)wi(t) (3.37)
and
U(t) = ~-JP(t)QJQ'P(t)!, ©(3.38)

using the same argument of the proof of Lemma 3.1, we see that
2 = JA(t)zx + A JU(t)z, and

2k (k) = zx(0).

It is only left to prove that U(t) is symmetric and positive definite. Because @ and P(t)
are symplectic we have

Q"J=JQ ' and P(t)"J=JP(t)! (3.39)
and then from (3.38) and (3.39) we obtain
U(t) =J"P(t)QQ"P(t)" J, (3.40)

from where U(t) is clearly symmetric and positive definite. A simple computation using
(2.33), (3.16) and (3.18) will show that U(t) is also 1-periodic.$
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§3.2 The Nonlinear Problem.

Now we give a proof of Theorem I. We start with some preliminaries.
Let us consider the eigenvalue problem

_J5— A(t)z = \U(t)z (3.41)

in L%(]0, k],R%") = L2 with periodic boundary conditions. Here U is the matrix function
defined in Proposition 3.1. In L? we will consider two inner products

k
(u,v)2=/0 (u(t),v(t))dt, and (3.42)

< u,v >y= /0 k(U(t)u(t),v(t))dt. (3.43)

Let | - |2 and || - ||2 be the norms induced by (+,:)2 and < -,- >, respectively.
Since the matrix function U(t) is periodic, continuous and positive definite there is
a constant a > 0 such that

1
" <JU(@)|<a VteR, and (3.44)
1
- <|U#)t|<a VieR. (3.45)
where | - | denotes the L(R2",R?") norm induced on matrices (using the usual norm in

R2"),

Lemma 3.3.
There are constants ¢; > 0 and ¢; > 0 independent of k so that

Juj2<ec flullz and (3.49)
lull2<colula Yue Li (3.47)

Proof. .
Ju 3 = / (u(t), u(t)) dt

k
= [ woueu,una (3.48)

=< U(t) 'u,u >,
<HU w2l w fle
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But from (3.45) )
U = / (ut), U ()™ u()) de

<alulj.

(3.49)

Thus, from (3.48) and (3.49) we obtain

[u o< Valull-
On the other hand
k
(3 = / (U()u(t), u(t)) dt (3.50)
<[ Uul2|ulz.
But
.
|Uult = /0 (U()u(t), U)u(t)) dt (3.51)
<a’|ulj,

so, from (3.50) and (3.51) we obtain

lul2£Valulz.

Taking ¢; = ¢2 = \/a we get (3.46) and (3.47).0
For the eigenvalue problem (3.41) we have the following standard result.

Lemma 3.4.

The eigenvalue problem (3.41) possesses a sequence of eigenvalues {v;};ez that
extends from—oo to+oo. FEach eigenvalue is isolated and has finite multiplicity. As-
sociated to the eigenvalues there is a basis of L}, composed of eigenvectors {v;} ez,
orthonormal with respect to the inner product <, >;.

Proof. We only give the general idea of the proof. First, by making a transformation
like that of Proposition 3.1, and taking in account the way U was defined we can
transform system (3.41) into a system with constant coefficients. Second, by taking an
appropriate trigonometric basis in L2 we transform this constant coefficient differential
equation into a matrix one, where the eigenvalues can be calculated. The trigonometric
basis gives rise to eigenvalues £n with a constant correction coming from the constant
term.$

Remark 3.3. By Proposition 3.1 there is an eigenvalue A > 0 of (3.41) with A\, =
O(1/k) as k — .

In order to study the existence of subharmonics of (HS) we will study the critical
points of a functional. Let E be the Sobolev space PVﬁﬂ’Z(R,R?"). For details about
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the definition of E and the- operators we define next we refer the reader to [13] For-
z=(p,q) € E and smooth we deﬁne o

k ' . . _
o) = /0 b - 5(5, A2 dt. (35)

If ( = (p,%¥) € E is also smooth we can define the bilinear form

. k
B(:,0)= [ ¥i+ a0~ (s, A0 d

. (3.53)
= / (=J3 — A(t)z, ¢) dt.
0
Both @ and B can be extended continuously to all E, and
-;—B(z,z) =Q(z) Vz€E. (3.54)

Using Lemma 3.4 we can define the following closed subspaces of E
E* = span{vi/ v; > 0}
E~ =span{vi/ v; <0}, and
E° = span{v;/ v; = 0}.

It is easy to see that Q is positive in E¥, negative in £~ and zerc in E°. Also for
z=zt+27 4202 € E*,27 € E~ and 2° € E° we have

Q(zt + é‘ + 2% = Q(zT) + Q(z7). (3.55)

Moreover, we have the following lemma.

Lemma 3.5.
If we define || z ||5= Q(z*) - Q(z7) + fok | 2° |2 dt for every z € E, then there are
constants ¢3 and c4 such that

callzlleslizlle<ea iz llq (3.56)

ie. || - |lq is an equivalent norm in E.

Proof. For proving this lemma we would proceed as in Lemma 3.4 passing to the equiv-
alent definitions of @ and || - || for an equivalent system with constants coefficients,
where the lemma is clear.$

As mentioned above in order to find subharmonics solutions of (HS) we will use a
variational approach. In particular we will use a version of the generalized Mountain
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Pass Theorem due to Benci and Rabinowitz. We state this theorem here and we refer
the reader to [13] for its proof.

Theorem 3.1.

Let E be a real Hilbert space with E = E; ® E, and E, = Ei-. Suppose I €
C(E.R), satisfies the Palais-Smale condition, and

(L) I(u) = %(Lu,u) + b(u), where Lu = LiPiu + LyPyu and L; : E; — E; is
bounded and selfadjoint, where P; : E — E; is the orthogonal projection, i=1,2,

(I2) b is compact, and

(I3) there exist a subspace E CE and sets S C E,Q C E and constants a > w
such that

(i) SC Ey and I|s 2 «,

(ii) Q is bounded and I{5q < w,

(iii) S and 8Q link.

Then I possesses a critical value ¢ > a.

Proof of Theorem 1.

The proof follows the lines of the proof of Theorem 1.1 in [2] by Benci and Fortunato.
We will first consider a globally defined Hamiltonian following a trick introduced by
Rabinowitz.

Let ¥ € C*®(R,R) such that ¢'(s) < 0 for s € (r/3,7/2) and
[1 ifs<r/3
¥ls) = {0 if s > r/2

where r was introduced in hypothesis (H4). We define the globalized Hamiltonian, by
extending the higher order term

A(z,8) = () 2 DB (zt) + R — (| 2 ) | 2|7 (3.57)
By choosing R > 1 large enough and using hypothesis (H4) we can show that
(H.(2,t),2) > qH(z,t) VzeR™. (3.58)
Also from hypothesis (H4), for a positive constant cs
A(zt) 2 es(b( 2 ) [ 2P +R(A— (12 D) |2 1) VzeR™  (3.50)
and from the definition of H we see that there is an M > 1 so that
H(z#)=R|z|', VzeR™ |z|>M. (3.60)

We define the functional

k -~
£i2) = Q@) - [ Azt (3.61)
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for all z in E. It is well known, see [13], that under our hypothesis fi is well defined in
E, of class C! and the critical points of fi are classical k-periodic solutions of

= JA@®)z + JH.(z,1). (3.62)
In order to prove the existence of critical points for fi we will use min-max arguments.
Specifically we will use Theorem 3.1 stated above, which requires that the linking con-
dition given in (i), (ii) and (iii) be satisfied.

From (3.58) and (3.59) and assuming without loss of generality that » < 1 there
are positive constants cg, ¢7 and cg so that

H(z,t)>ce|2z|? —c7, VzeR?™ (3.63)

H(z,t)<cs|z|?, VzeR™, (3.64)

Now we can prove the linking conditions. Let z € E*, then from (3.64)

k
file) =N =1y - [ H b

k (3.65
2l o [ 1210 at )

=z [[g —cs |2 [{ dt

where | - |; denotes the usual norm in the space L!([0, k], R?™) that we will write as Lj.
As is well known, see [13], for every s > 1 there is a constant a(s) so that

lvis<als)vlie. (3.66)
Then (3.65), (3.66) and Lemma 3.5 imply the existence of a constant cg such that
fi(2) Sl z g —ea 211G - (3.67)
Now (3.67) shows there are constants p > 0 and a > 0 such that
fi(z)>2a>0, VzeEt, | zlo=0p (3.68)
On the other hand, let R; and R, be two positive numbers to be determined later.
Let ¢ be one eigenfunction of (3.41) associated to the eingenvalue Ay we found in
Proposition 3.1. Assume || ¢y ||, = 1. Let
Qr={v+s¢x/ vEE +E7, |v|lo< Ry and 0 < s < Ry }.
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Then for z = v® 4+ v~ + s¢x we have

k ~
fk(Z)=Q(2)—/ H(z,t)dt
’ (3.69)

1 ko
=~ o I +55%h - /0 (v + s, ) dt.

If s =0, from (3.69) we have
fi(z) <. (3.70)

On the remaiuing part of Qi we also have this inequality. Using (3.63) and Holder
inequality in (3.69) we have

1 -
frlv+sgr) < — | v~ ”2Q +§s2/\k —csk1279/2) |y + 5o |3 +crk. (3.71)

By Lemma 3.3, and the orthogonality of E*, E~ and E° with respect to <, >,

1
o566 B2 2 [l v+ 6 I3
1
> 1000 2 451 (372)
Lo, lae
23 | 0" |2 oS
Thus, for a constant ¢;0 > 0
v+ sér | > c10(] v° |3 +59). (3.73)
Using (3.71) in (3.73) we get
1 -
fe(v+séi) < 552/\k— o™ 15 —c1a(] 00 |§ +59) + crk (3.74)

From (3.74) we find R; and R; so that with (3.70) we obtain

fe(2) 0 Vze 0Qy. (3.75)
See details in [13]. Now (3.68) and (3.75) imply the linking condition is satisfied. The
functional f; also satisfies the Palais Smale condition as can be shown by standard

calculations. Thus fi possesses a critical point zx, that according to the min-max
characterization satisfies

0 < a < fi(zk) < coo = Sup{fi(2)/ 2 € Qu}
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Next we are interested in knowing the behaviour of the critical value fx(zi) when k is
large. We will show that

C
0 < fr(zx) < et

with 5= Min{2/(p - 2),(¢ —p+2)/(¢ - 2)},

and C independent of k. We note that because ¢ +2 > p > q¢ > 2, the exponent 7 is

positive.
Let z = v+ s¢x,v € E~ @ E% s € [0, Ry], then by (3.59)

(3.76)

1 ko
< =Ms? = | H(zt)dt
fk(z)_2 kS /0 (2,1)

k
< -:12-)\1;32 - c5/ Y(zD]zP+R(A-¢(|z])] 2| dt (3.77)
0

1 k
s-z-/\ksﬁ—q/ Bz 2P+ —w(z]) |29 dt.
0

Let A= {t €[0,k]/ | 2(t) |< 1} and B = {t € [0,k]/ | 2(t) |> 1}. Then since r < 1 and
p>g

k k
/0¢(Izl)lzl"+(1—w(lzl))lzlq dt.>./0 xalzP4xslzl?dt  (3.78)

where x4 and xp are the characteristic functions of A4 and B respectively. Using the
Holder inequality and p > ¢ we have

k
/xuzluxuzlthz
0

k k
> k{2—p/2}(/ | xaz |2 dt)P/? + k{2-<1/2}(/ | x5z |? dt)/?
0 0

k k (3.79)
2 k([ az P apl ([ xes P o)
0 0
We will distinguish two cases, in order to obtain (3.76).
Case 1. fok x4 lz|? dt> fok x8 | z |* dt. In this situation we clearly have
k » . k{2-r/2} ,
‘/OXAIZI-{-XB]ZI dtZW—lzl2. (380)
Then from (3.77), (3.78), (3.79) and (3.80) we obtain

fulz) < %Akﬁ k22 [ L P (3.81)
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using (3.73), and recalling that ¢,0 does not depend on k, we have
fk(z) S /\k82 - Cl3k{2_p/2}8p.
Finally since Az = O(1/k) we conclude that

2 sP

8
fk(z) _<_ 013(614’7‘:— - W) (3.82)

Maximizing the right hand side of (3.82), we obtain the existence of a constant c;s such
that

C14
f(2) S sy (3.83)

Case 2. fok xA | z)? dt < fok xg | z |* dt. By the same kind of analysis as Case 1, we
obtain that there exist a constant ¢;¢ such that

C16 '
() £ ey (3.84)
Putting together (3.83) and (3.84) we obtain (3.76).
The final step in the proof is to show that the sequence of solutions we have con-
verges to zero. We show that zx — 0 uniformly in C'(R, R2") This will finish the proof

because for | z |< r/3 the higher order terms H and H coincide. To begin since 24
solves (3.62) we see

k
~Q(zx) + 5 /0 (B.(28,1), ) dt = 0. (3.85)

Then, from the definition of f, (3.85), and using (3.58) and (3.59) there is a constant
c17 such that

k
felon) 2 (G = ) [ (Laen, ), )
k
29~ [ Hexna (3.86)
k
> cur [ 902D 2 P RA =9 5 D) 2
Thus from (3.76) and (3.86) we see that
k
Jim [0 s ) o P RO = (0 2 ) o I d =, (3.87)

Let us show next that | z; |o is bounded, where | - | denotes the norm in L*=°(R, R?"?).
Let I; be an interval contained in [0, k] such that for any t € I = [v1,72)

| z(t) > M, and |zx(m)|= M. (3.88)
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For those k such that no such an interval exists we have | zx |0c< M. For any k large
enough and such that I is not empty we have by (3.87) that [0,k] \ Ix # 4. Since zx
solves (3.62), for any t € Ix we have

t

21(0) 1Sl zam) [+ [ ax(6) | ds

<M+ | A(s) || zx(s) | ds +/ | H,(zk,5) | ds (3.89)

" ki

t
SM+ea( | |2u(s) |+ | Helzx,5) | ds

"

Using (3.60) and (3.89)

t

| 2:(t) | < M +C1s/ | zx(s) |7 ds

m

k
SM+019/ 6z 1) ] 26 1P +RO — (] z¢ ) | 2z |9 ds
0

Then from (3.87) it follows that | zx |oo is bounded. Since zj solves (3.62) we conclude
that | 2x |oo is bounded. We finally prove that this together with (3.87) implies that
actually | zx Joo— 0. Let 0 < s < r/3, and my(s) denotes the measure of the set
{t € [0,k]/ | z&(¢) |> s}, then from (3.86) we have

k
fi(zr) 2 617/0 bl zx )| 2k P +R( = 9(| 22 ) | ze |* dt
> crrMinggi=o {9(1 € D 1€ 1P +R(L —%(1 € D) | € [7}mi(s)

> c17 | s |P mi(s).

(3.90)

From (3.76) and (3.90) we see that mz(s) » 0 ask — co. Let 0 <e<r/3, k € Nand
t € R, then either
| ze(t) |[S € (3.91)

or there is ¢ € R so that
| ze(o) |< e and |t—o |< mg(e) (3.92)
Then, if K is such that | 2k o< K, from (3.92)
t
POIERCIEY AETE:
< e+ Kmy(e),
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from where limsup;_,, | zx |o< € and since € is arbitrary we have | zx |o— 0, and
then since 2z solves (3.62) also | 2z |o— 0 as k — 0.

Remark 3.4. If the linear system has one Floquet exponent of indefinite type, or it
has one Floquet exponent of positive type and one of negative type then the system

i =JA@)z + JH,(z,1)

admits subharmonics in case H satisfies (H4) or (H4-). This is not true in general for
system with only positive or only negative Floquet exponents as we will se in an example
in the next Section.

§3.3 Benci-Fortunato’s condition and a counterexample.

In this section we will present a counterexample to show that hypothesis (H3) is
necessary. We also show that (H3’), the related hypothesis assumed in [2], is stronger
than ours. In the process we obtain a result on perturbation of definite matrices (positive
or negative).

Let us start with the counterexample. Let D be the negative block of dimension
4 X 4 given by

0 6 0 -—-v
0 0 —v -1
D= 1 v O 0o}’ (3.93)
v 0 O 0
where v > 0; we note that D is a block of C3 type with ¢ = —1. Consider the
Hamiltonian X
H(z,t) = f(t)(2} + 25 + 23 + 2}) (3.94)

with f(¢) > a > 0, a continuous 1-periodic function and z = (21, 2;,23,24). Let us
assume {z*} is a sequence of solutions of the system

i =Dz + JH,(z,t), (3.95)

2(0) = z(k) (3.96)

and z¥ — 0 uniformly in C*(R,R?") as k — co. We will show that z* =0, Vk>N
where N is a certain number in N. Since H certainly satisfies (H1), (H2), and (H4),
this example shows that (H3) is necessary.

Expressing equation (3.95) in component form yields:

21 = —vzy + ?—Ii (3.97)
6z3
o0H
f2= —vay = 2gt o~ (3.98)
4
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: OH

23 = V2o + zZ — 3_2'1_ (399)
: oH
24 = V2] — '52; (3100)

Let z = z; be a solution of (3.95) and (3.96). Multiplying (3.97) by 23 and (3.99) by
z), integrating between 0 and k, and using (3.96) we obtain

k ] k 3
0H 0H
/(; (vzazs — 3 z3)dt = /(; (vzazy + 2% — £ z1)dt. (3.101)

Multiplying (3.98) by z4, (3.100) by 2z;, integrating between 0 and k and using (3.96)
we obtain

k 3 k s
0
/ (vezzg + 22 — —Hz4)dt = / (vzizg — gg—22)dt. (3.102)
0 Oz4 0 a

22

Subtracting (3.101) from (3.102)

k 2 3 Y2 3
o
/zf—éﬁa-{-zf—égzldt:—/ 5£22+g—stdt,
0 4 o 0Oz22 23

by (3.94) this implies

k k k
[ avaas [aoeedace [ Geadra
0 0 0

where ¢ = 4Supf(t). If z; # 0 or 24 # 0 then there exist 7 € [0, k] so that

(o3 Bl

| 23(r) + 25(7) |2

Since c is independent of k we obtain that z; = 0 and z4 = 0 for k > N, where N is
such that | z%(t) |[<1/\/c Vk> N Vte€R. Since 2; and 24 are zero, equations (3.97)
and (3.100) imply that also z; and 23 are zero. Thus zF =0 for all k > N.

Remark 3.5 In [2] a counterexample is given to show that (H3’), the hypothesis related
to (H3), is necessary. As we show later this condition is stronger than ours, so that the
same counterexample shows the necessity of (H3). However the counterexample given
here is finer because the linear term has all Floquet exponents on the imaginary axis.

Let us consider now a block D of the canonical form of a Hamiltonian matrix C.
Then we have the following result.

Lemma 3.6.
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If any Hamiltonian perturbation of D has at least one eigenvalue on the imaginary
axis, then D is of indefinite type.

Proof. Consider the eigenvalue problem
g =Dz + Nz, (3.103)

z(0) = z(k), (3.104)

Since D satisfies the hypothesis of Lemma 2.1 in [2], there is an N so that Vk > N,
(3.103) and (3.104) has a solution (z*, A\x) with

™ 3r
- <AL = .
T < M < - (3.105)
Let v = z¥(0). Then by (3.104),
v = exp((D + e J)k) v. (3.106)

The block D certainly can not be of Cl or C2 type since in this case the eigenvalue
corresponding to the block is outside the imaginary axis, a small perturbation of D will
have all its eigenvalues outside the imaginary axis too. Let us assume that D is of C3
type. Then we can write the matrix D as

D=—-opV —-oW

If we choose a € [0,27] so that exp(—ta) = exp(—iofk), then from (3.106) and the
properties of V' we have

v =exp(—aV — kW + AxkJ)v. (3.107)

By Lemma A .4, taking the logarithm of the matrix in (3.107) gives
(—(a+mg)V - kW + M\ekJ)v =0 (3.108)
where mj € Z. Dividing (3.108) by k, we obtain that Ay is an eigenvalue of the problem

(5 = oW + MdJo =0, (3.109)

Now (3.109) has the form of the eigenvalue problem (2.2):
—~(eV +oW)v + AJv =0. (3.110)

As we mentioned in section §2, the eigenvalues of (3.110) are analytic near ¢ = 0. Thus

they have the form
Aj(€) =AY+ Ale+ A%e? + ... (3.111)
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Noting that the matrix (eI + oV ~'W) has only large eigenvalues for € large, (3.109)
implies ux = {—a — mi}/k is bounded. Suppose that u; is bounded away from zero.
Since eI + 0V ~1W is invertible Ve # 0 , for € > ¢ its eigenvalues will be bounded away
from zero contradicting (3.105). By repeating this argument for any subsequence of
{ux} we can conclude that px — 0 as k — 0. Then for some j, a subsequence of {ux},
and k large enough

Ak = Aj(me) (3.112)

If A? is the first nonzero coefficient in (3.111), then (3.105) implies
Ajpr >0

and then the block D can not be negative.
If we look at the proof of Lemma 2.1 in [2] we realize that there is an eigenvalue
vi of (3.103) and (3.104) such that

3
k

Svp <~

]

Then we can repeat the argument given above to obtain that D is not positive. This
finishes the proof for a block of C3 type. For a block of C5 type we would proceed in
the same way. We would actually prove that this implies a contradiction because a C5
block is either positive or negative. ¢

Remark 3.6 As a consequence if D is a positive (or negative) block then there are
arbitrarily small Hamiltonian perturbations of D not having any eigenvalue on the
imaginary axis. This is an interesting result we have proved in a very indirect way.

We now compare hypothesis (H3’) of Benci and Fortunato with our hypothesis
(H3).

(H3') Every Hamiltonian perturbation of C has at least one eigenvalue on the
imaginary axis.

Proposition 3.2
If a Hamiltonian matrix C satisfies (H3’) then C has at least one purely imaginary
eigenvalue that is not of positive type, and at least one that is not of negative type.

Proof. We prove it by contradiction. If C does not have eigenvalues on the imaginary
axis then clearly (H3’) is false. Let assume now that all eigenvalues of C on the imaginary
axis are of positive type. Then by definition, all blocks of C either correspond to
eigenvalues outside the imaginary axis or they are positive. Lemma 3.6 applied to each
of the latter gives a perturbation that takes all eigenvalues outside the imaginary axis,
i.e. (H3') is false. We could do the same argument if all eigenvalues on the imaginary
axis are of negative type. ¢

Remark 3.7. This proposition shows that our hypothesis (H3) is weaker than (H3’).
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§4. REDUCTION TO THE CENTER MANIFOLD AND
PROOF OF THEOREM II.

In Section §3 we proved Theorem I which guarantees the existence of nontrivial
subharmonics converging to zero for the Hamiltonian system (HS), under hypotheses
(HOo), (H1), (H2), (H3) and (H4).

In this section we will prove a similar theorem but we will impose the superquadratic
condition (H4) for H only on the center manifold.

In order to obtain our result we will need some extra differentiability on the Ha-
miltonian H:

(H5) H is of class C? near z = 0.
Under hypotheses (H1), (H2) and (H5) we will reduce system (HS) to a Hamiltonian

system R
w = JB(t)w + JK,(w,1) (4.1)

on the center manifold.
We will replace (H4) by:
(H6) There are constants ¢ > 0,7 > 0,9+ 2 > p > ¢ > 2 such that

(Ku(w,t),w) > K (w,t) > c|w|? (4.2)

VweR*™, |w|<r, teR.

Here m is the dimension of the center manifold. A direct application of Theorem I leads
to

Theorem II.

If (H5), (H1), (H2), (H3) and (H6) hold, then there exists an integer N so that for
every k > N, there exists a nontrivial solution z; of (HS) with period kT and {z}{2,
converges to zero as k — oo uniformly in C'(R,R%").

The reduction to the center manifold allows us to prove the theorem under condition
(H6) that in principle is weaker than (H4).

As we will see later in this section the reduced Hamiltonian K is not known ex-
plicitly, so ihat it is interesting to have a condition on the original Hamiltonian H that
implies (H6). If we assume some hypothesis on the behaviour of the second derivatives
of H near 0 then we can prove that (H4) imply (H6). See Proposition 4.3. Actually we
only need to impose (H4) on the center manifold. We will be more precise about this
point in §4.4 where the adequate notation will be available.

§4.1. Reduction to a system with a constant linear term.
With hypotheses (HS5), (H1) and (H2) we can write the Hamiltonian system (0.1)

t=JA@)z + JH.(z,1) (4.3)
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where H(z,t) = of| z |2). System (4.3) is refered as (HS). We have the analog of Lemma
3.1. Using the same notation considered there, we have

Lemma 4.1.

There are matrices Cy, R and P(t) so that C, is Hamiltonian, R* = I, and P(t) is
symplectic satisfying P(t + 1) = P(t)R, for which we have:

z(t) is a k-periodic solution of

:=JA(t)z + JH,(2,1)
if and only if £(t) = P(t)"'2(t) is an Rk-periodic solution of
§ = Cot + IHe(6,1) (4.4
where

Hi(6,1) = H(P(t)z,1). (4.5)

Proof. Can take C, = C,, R = R and P(t) = P(¢) as in Lemma 3.1, and do the proof
similarly.$
Remark 4.1. The new Hamiltonian is not periodic in general, but it satisfies

Hi(6,t+1) = Hi(RE,t) (4.6)

Vt € R, Ve R?. We will say that H; is R-periodic.

Remark 4.2. In Lemma 4.1 the matrices C,, R and P are not unique, they can
be transformed by symplectic transformations. They can be chosen so to fit with the
setting of the Center Manitold Theorem presented in Appendix C.

By definition of C, and C; we have a symplectic transformation @ so that

Q—l CrQ =S

and

Q7'CiQ=rl

see (2.33) and before for the definition of S and I. The matrix S is a block matrix

(5 O
o=(% 3)

where S, and S, are Hamiltonian matrices. Let @, and Qg be symplectic matrices
transforming S, and S, to their corresponding canonical forms (See Theorem 1.1).

Then if
Q= (QOP (gq )
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and

Q: = Q&

the matrix

C,=Q;'CQ: (4.7)

is the canonical form of C,, and due to the block structure of S and I

I = Q;'CiQ,. (4.8)
We define i
R=¢" (4.9)
and
P(t) = Q5 P()Qa. (4.10)

For the matrices C,, R and P(t) Lemma 4.1 holds. By the block structure of the
canonical form matrix, we can reorder C, so that

. (G o
Cf‘(o cz)

_ (R, 0
r=(T R

with C; having eigenvalues only on the imaginary axis, C; having eigenvalues only
outside the imaginary axis, and
~I 0
R, = " .
! ( 0 Iy )

Moreover C, and R, have the block structure
_ C21 0
=T o)
_ Ry 0
re= (5 )

C; has eigenvalues with positive real part, C;2 has eigenvalues with negative real part
and the matrices Ry; and Rz, have the form

(-1, O
R'Zt - < 0 Inl?i)
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for i = 2,3. The following commutativity property is consequence of the block structure
and the special form of R:

Cau Ry = Ry1Ca1, C22Rzz2 = Rp2Cy2, and C1Ry = R;C,. (4.11)

Remark 4.1 holds with this new matrices.

Remark 4.3. In the canonical form we considered before we can take the ‘off diagonal’
elements to be any number v # 0. See [4].

We can define symmetric matrices A; and A, so that
JiA; =C; j=1,2. (4.12)
Then, after the transformation we can write (4.3) as
& = A&+ I:\Ilfl(fl,&,t) (4.13)

€2 = 2 Azls + Hy, (61,62, 1). (4.14)
In Section §4.2 we drop the index 1 in H and the bar in R.

§4.2 Reduction of (4.13) and (4.14) to the center manifold.

We want to reduce (4.13) and (4.14) to the center manifold. Because this system
is not periodic but R-periodic we will need a special version of the Center Manifold
Theorem. In Appendix C we provide the changes necessary to modify the original
existence proof in order to suit our needs. Our basic references for this theorem are the
original paper by Kelley [9] and the book by Carr [5].

Theorem 4.2. (Center Manifold Theorem)
If H satisfies (H5) then there exists a C? function

h:N xR — R*™
where N is a neighborhood of the origin in R?™, such that
h(R1&1,t + 1) = Ryh(£;,1) (4.15)

h(0,¢) =0, R'(0,t) =0 (4.16)

and the manifold

M = {(&,h(&1,8),t)/ & € N,teR}
is an invariant manifold for (4.13) and (4.14). M is called the center manifold.

Proof. See Appendix C.$
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System (4.13) and (4.14) can then be reduced to
& = A& + T He, (&1, R(ELE), ) (4.17)

or equivalently )
&L= Jlex(El’ h(ﬁl,t),t) (4-18)

where H is given by

H(G,6o,t) = 5(Ar61,60) + (420, &) + H(6s,62,1),

System (4.18) is a Hamiltonian system if it is interpreted properly; namely we have to
consider in R?"t a nonconstant symplectic form. In order to apply the results of Section
§3, particularly Theorem I, we need to transform (4.18) to put it as a Hamiltonian system
in R?™ with the standard symplectic form. Let us define the reduced Hamiltonian

Hy(&1,t) = H(&1, h(£1, 1), ). (4.19)

Using (4.6), (4.11) and (4.15) we see that

Hy(é1,t+1) = %(Alfl,fl) + %(A2h(€1,t + 1), h(&1,t + 1))
+ H(& h(E,t + 1), 8+ 1)
= %(AlRl‘slalel) + %(Azh(lel,t), h(Ry£1,1))

+ H(Ry &1, h(Ra1,1), 1)
= H2(Rl€l7t)'

in other words we have proved that
Hy(&1,t+1) = Hy(Riby,t) VEeR, & € N. (4.20)
The derivative of H, is given by
Hye, (§1,t) = He, (&1, h(&1,1), 1) + (R'(€1, 1)) He, (62, B (61, 8), 1) (4.21)

where / denotes derivarive with respect to &;.
On the other hand, M being an invariant manifold, the right hand side of (4.13)
and (4.14) should be tangent to M, that is

Jlex (élah(ﬁlvt)’t) . A
J2He, (&1, h(61,1),t) | = | h(&s, ) + R'(&1,2)A (4.22)
1 [T
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where - denotes derivative with respect to t, A € R?™ and p € R. From (4.22) we obtain
that

J2He, (€1, h(é1,2),8) = B (€1,8) Ty He, (61, h(E1,1),8) + (s, 1), (4.23)
Inserting (4.23) in (4.21) we obtain

Hae,(61,t) = (I — K" Joi Jy ) He, (61, h(€1,t),t) — B'" T2k, (4.24)
and then system (4.18) can be written as
—(J1 + KT Toh')Ey = Hae, (61,t) + BT,k (4.25)

This system is Hamiltonian if we consider R?™* with the symplectic form given by
J1 + R'"Jyh'. We will perform another transformation so that (4.25) is a Hamiltonian
system in R?™ with the standard symplectic form.

Before doing so let us collect some properties of the terms involved in (4.25). Let
us define

wl(fl,t) = h,r(é‘l, t).]-zh,(fl,t) and (4.26)
Lx)2(£1,t) = hlr({l)t)‘]éh(glvt)' (427)
From (4.15) we see that
h({l,t + 1) = R2h(R1§1,t) (428)
and then
hl(ﬁl,t + 1) = Rgh’(lel,t)Rl. (429)

Using the simple form of R, (4.26), (4.27) and (4.29) we obtain
w1(§1,t + 1) = Riw(Ryi6y,t)R1  and (4.30)

wg(ﬁl,t + 1) = R1W2(R1§1,t). (4.31)

For notational convenience in the next section we will drop the index 1 from Jy, &, R;
and n;, and the index 2 from H,.

§4.3 Transformation of (4.25) via the Darboux Theorem.

In this section we will find a transformation that will change (4.25) into a Hamil-
tonian system with constant symplectic form. Before we go to the construction let us

assume we have
F:VxR— V'xR

(w,t) — (€,6)
g:'VxR—R
(w,t) — g(w,t),
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where F is a diffeomorphism of class C!, g is a function of class C!, and V and V' are
neighborhoods of the origin. Let us assume F and ¢ satisfy:

(FO) F(w,t) = (G(w,t),t)
(F1) G(0,t) =0, G'(0,t) =0, ¢(0,t)=0 and g,(0,t) =0,
(F2) G(w,t+1)=RG(Rw,t) and g(w,t+1) = g(Rw,1?),
(F3) G'"(w,t)(J + wi(F(w,t)))G (w,t) = J and
G (w,t)(J + wi(F(w,1)G(w, ) + G’ (w, )wa (F(w, 1)) = gu(w, )
where here and in what follows ’ and - denote derivatives with respect to w and ¢

respectively.

Lemma 4.2.
Let F and g as above. Then (t) is an Rk-periodic solution of (4.25) if and only if
w(t), defined implicitly by

F(w(t),t) = (&(t), 1), (4.32)
is an Rk-periodic solution of
w = JH3,(w,t) (4.33)
where
H3(w,t) = H(F(w,t)) + g(w,1). (4.34)

Proof. Since £(t) is Rk-periodic it satisfies £(t + k) = R*¢(¢). Then from (F2)
R*¢(t) = G(w(t + k),t + k) = R*G(R*w(t + k), 1)

so that
£(t) = G(R*w(t + k), 1), (4.35)

and this implies w(t + k) = R*w(t).
Let us assume now that £(t) is a solution of (4.25). Then differentiating (4.32) and

multiplying by —(J + w1 ) we obtain
~(J +w1)f = =(J +w1)G' (w, ) — (J + w1 )C(w, t). (4.36)

From (4.34)
ng(w,t) = G’THf(f,t) + gw(w,t). (4.37)

Multiplying (4.36) by G'7, using (4.25) and (4.37) we obtain
~G'"(J +w1)G" = Hyp(w, 1) + G'"wy + G (J +w1)G — gu(w, t). (4.38)
From (F3) we see that (4.38) is exactly
—Juw = Hjy(w,t)
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completing the proof.$
Remark 4.4. From (4.20), (F2) and (4.34) we see that

Hs(w,t +1) = Hy(Rw, 1), (4.39)

and from (F1) we have H3(0,t) = 0 and H3.,(0,t) = 0.

It remains to prove the existence of the diffeomorphism F and the function g. This
is done via the Darboux Theorem. We present here an elementary proof of the Darboux
Theorem. For a proof using the language of differential forms see, for example, [1).

We will introduce an extra variable and find a function

FVxRxR— V' xRxR
(w,t,u) — Flw,t,u) = (&6, p).

Taking appropriate projections of F we will define F' and g. We call z = (w,t,u) and

n=(£0,u).
Let us consider the matrices
J 0 0
Q=[0 0 1] and (4.40)
0 -1 0
wl(gae) w2(539) 0
Qn)= | —wi(&,6) 0 01}. (4.41)
0 0 0

If we supplement R with two extra entries

5 R 0 0
R=[0 1 0],
0 0 1
then from (4.30) and (4.31) we have
Q(¢,6 + 1, 1) = RQ(RE, 6, ) R. (4.42)
Lemma 4.3.
O%j _ Ky + agf‘ =0, 1<ijk<2n+2 (4.43)

o O on;

Proof. By direct calculation.{
Remark 4.5 Lemma 4.3 says the the 2-form defined by €2 is closed.
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Because §) satisfies (4.43) we have the following lemma.

Lemma 4.4. (Poincaré Lemma)
There is a function a : N x R? — R2"*+2 gych that

aa,

Qi) = Go(n) = Goa(n) 1<ij <242 (4.44)

Moreover the function o satisfies

a(€,6 +1,4) = Ra(£,8, ). (4.45)

Proof. We define o by the following integrals

1 2n

ai(n) = /0 Z Qin(7€,0,p)7éxdr, 1<i<2n and (4.46)
1 2n

ai(n) = /0 Z Qir(r€,0, )€k dr, i=2n4+1,2n+2. (4.47)
k=1

First let us assume 1 < 7,5 < 2n. Then differentiating (4.46) we have

30:,

G = / QU(TE,9/J)T+Z e (6, )7 dr (4.48)

and

a N
Xit= [ ;,(Tf,ﬁu)r+z 6, 6,1) 6 . (4.49)

Noting that Q;; = —Q;;, subtracting (4.49) from (4.48), and using (4.43) we obtain

Jda; BaJ / aﬂ,k Ok
-~ 2Q:(7E,6, )T + I3V 20k dr
S = G = | 2.0 Z( ot~ S
. (4.50)
o0
= / 29.-j(r¢,0,u)r+2( 5 (r€, 6, )7 i dr.
0 =y YNk
In this last expression we identify the integrand as
—d—Q“(‘r{ 6, u)r? (4.51)
dT 1 Uy b *

46




so that 8 5
g N _ 9%y _ Q..
6771' (77) 377:' (77) Qt](’?)-

The case i = 2n + 1,7 = 2n + 2 is trivial because a; = 0, a; does not depend on u and
;; = 0. The other cases are obtained in a similar way.
Condition (4.45) is easily obtained by using (4.42) and the definition of a. ¢

Lemma 4.5. (Darboux Theorem)
There is a diffeomorphism F : V x R* — V' x R? such that

F(2) (0 + UF(2)))F'(2) = Qo. (4.52)

Proof. The function F will be defined by a differential equation. For s € R, let
Q.(n) = Qo + Q7). (4.53)

Then, since y is invertible and (0,6, 1) = 0, there is € > 0 so that Qs(n) is invertible
for every n € B(0) x R2. Then we can define

X(n,s) = ~07 (n)a(n), (4.54)

and consider the differential equation

dn
a5~ Xms) (4.55)
n(0) = z.

Since a(0,8,u) =0 V(8, u) € R?, equation (4.55) with the initial condition

n(0) = (0,¢,u)

has the solution
n(s) =(0,t,u) VseR.

Then, by the general theory of ordinary differential equations we can define
H : B, (0) x R? x [0,2] — R®™ x R?
where H(z, s) is the solution of (4.55), and 0 < ¢; < e. H(2,1) is a diffeomorphism of
class C?, see [6]. We define F(z) = H(z,1). Let us check that the function F satisfies
(4.52). By definition we have
Qn, s) = Qo + sUn).
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Then we have the following derivatives:

6 o5 _ .0%;; OH,
('H(z 5),8) =s——2* B o (4.56)
BQ,J 0Q;; OH;
—2(H(z,s),s) =s o 05 + Q. (4.57)

Here, and in what follows we will use Einstein’s convention for sums. Let us consider
the differential equation (4.55) componentwise:

Qi (M(z, S),S) ¥ 5 (#8) = —ai(H(z,5))

and differentiate it with respect to z¢. Using (4.56) we obtain

GQ,J H dH; ~ dOH; _ Oa; OH,
3771 Bzp ds 2 (Bs) H i ds Oz B (28) = " Om Oz (4.58)
Our purpose is to show that
H'"(2,1)Q(H(z,1),1)H (2,1) = Q. (4.59)

Since we obviously have
H'™(z,0)2(H(z,0),0)H'(2,0) =

it is enough to show that

;ld;'H'r(z, 8)UH(z,s),s)H'(2,s) = 0.

We do this componentwise. Differentiating and using (4.57) and (4.58)

d  ON; H;
ds( *(z, s)Q,]('H(z,s) s) (z s)) =

(Q”iai)a’fi L@ ”iaH,- OM; | OM; d; IH;
1" ds Bz’ Ozp Yds Ozx "0z Ozm ds Oz (4.60)
_ Oa; OH; IH; 3 da; OH; IH; + SBQ]-,- OH; OH; OH;
o Ozm Oz O 9z Ozm oy Oz, Oz Os
89,_, OH, OH,; OH; 80 OH,; OH; OH, OH,; OH;

Qi)
S B Oox 02 85 | Om Ozm Ozc Bs T Y0z Bzn
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Changing some of the indices in (4.60) and reordering the terms we obtain

( (Z );(H(z, 3),8) ’(z s) =

aaj Bay | .y M 87-( o Ot _ O aQ,,)aH, OH; IH;
- 317,' 317_,’ i 3Zm 3zk 3771 3T]j azm sz 33

(4.61)

Now (4.61) is zero by Lemmas 4.3 and 4.4.$

Now we are prepared to prove the existence of F' and g.

Proposition 4.1
There is a diffeomorphism F' and a function g satisfying (F0), (F1) ,(F2) and (F3).

Proof. Let us consider the diffecomorphism F defined in Lemma 4.5, and let us write
it as .
F(z) = (G(2),T(z),u + g(z)). (4.62)
We recall that z = (w,t,u). From (4.41), (4.46) and (4.47) we see that X is independent

of Mant2 = u, hence G, T and g are functions of (w,t) only. From (4.41) and (4.47) we
see that azp,+2 = 0, and from the block structure of £, we have that

(J + sw;)~? 0 s(J+ swi) twy
Q7' = ( 0 0 -1 ) (4.63)
—swi(J +swy)™t 1 0
therefore X2n,4+1(n, s) = 0, and this implies that
T(z) =t. (4.64)
From (4.42), (4.45) and (4.54) we see that
X(€,8+1,1,5) = RX(R(E,6, 1), 9). (4.65)
The function H(Rw,t,u, s) satisfies equation (4.55) with the initial condition
H(Rw,t,u,0) = (Rw,t,u), (4.66)
according to the proof of Lemma 4.4. On the other hand, the function
Ho(w,t,u,s) = (RG(w,t + 1,8),t,u + g(w,t + 1,5), ) (4.67)
satisfies
H.(w,t,u,0) = (Rw,t,u), (4.68)
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and using (4.65)

d’H

—;(RG(w,t +1,8),t+ 1Lu+ g(w,t + 1,s))

d -
= Z;RH(w,t + 1,u,s)

= RX(G(w,t +1,s),t + L,u+ g(w,t + 1,5),5)
= X(RG(w,t+1,s,t,u + g(w,t + 1,5),s)
= X(H.(w,t,u,s),s).

Then by the uniqueness of solutions of ordinary differential equations
H(Rw,t,u,1) = Ho(w,t,u,l)
and hence
G(Rw,t,u) = RG(w,t + 1,u) and (4.69)
g(Rw,t,u) = g(w,t + 1,u). (4.70)

Define F(w,t) = (G(w, t),t). Because F is the projection of F, and (4.64) holds together
with the fact given after (4.62), it follows that F is a diffeomorphism. It certainly satisfies
(F0). By (4.16) and the form of X, F and g satisfies (F1). From (4.69) and (4.70) it
satisfies (F2). Lastly (F3) is a consequence of Lemma 4.5.{

§4.4 Analysis of Hypothesis (H6).

Our reduction process led us to the Hamiltonian system
w = JHzy(w,t).
By Remark 4.4 we have that H; satisfies (H1) then we can write this system as
w=JAw+ Jfl3w(w,t). (4.71)

with H = o(| w |?). A further transformation of (4.71) in order to take it into a periodic
system will give
w = JB(t)w+ JK,(w,t), (4.72)

and we can apply Theorem I to it if we assume (H6) See Section §4.5.

In this section we will study condition (H6) for Hj, and _we will derive some sufficient
conditions for (H6) to hold in terms of the Hamiltonian H or rather H; from Section
§4.1. For convenience we will use the notation of Section §4.1, and we will refer to H,
as the original Hamiltonian. We assume
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(H7) There are constants ¢ > 0,7 > 0,4+ 2 > p > ¢ > 2 such that

(Hig,(61,0,8),6) 2 qHi(61,0,8) > c | & IP (4.73)
V6&eR™, (& |Sr, VteR,

and a condition on the cross derivatives

(H8) Hlfxfz(€1)07t) = O(I El |p—2) and filtfz(fl,O,t) = O(I fl lp—l) near
£ =0.
Remark 4.6. Clearly (H4) implies (H7).

Remark 4.7. Due to the method we are using it seems necessary to have a condition
like (H8) in order to deduce (H7) from (H4).

Remark 4.8. Under hypothesis (H8) we see from the Center Manifold Theorem (Ap-
pendix C) that '

R(ent) = O0(1& IP™) and A(ér,t) = O(1 & 7). (4.74)
After integrating (4.74) and using that h(0,¢) = 0 we also have
h(61,1) = O(| & P71, (4.75)

The following lemma describes the behaviour of G and g near w = 0. Let us write G as
G(w,t) = w + G1(w,t) and consider §(p) = Min{2p — 4,p — 1}.

Lemma 4.6.
Under hypothesis (H8)
G)(w,t) = O(| w 7P (4.76)

and
gu(w,t) = o] w [P71) (4.77)

Proof. By the same argument given in Proposition 4.1 we can show that M has the

form 3
H(w, t,u,s) = (G(w,t,3),t,u + §(w,t,s)) (4.78)

where naturally G(w,t,1) = G(w,t) and §(w,t,1) = g(w,t). To show the lemma it will
be necessary to analyze the vector field X given by (4.54). Let X; represents the first
2n components of X. Recalling that X does not depend on p, from (4.55) we see that
G satisfies

c-id;c”: = X1(G,t,3),  G(w,t,0) = w. (4.79)
If & denotes the first 2n components of « from (4.54) we have
X1(£,8,8) = —(J +sw1) a. (4.80)
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We have
—(J + swl)"l = J + Slej + Sz(le)zj + (481)

Then from the definition of wy and (4.74)
~(J +sw1)h =T +0(| € P7Y). (4.82)
Differentiating (4.81) with respect to w and using (4.74) again
(=(J +sw1)Y =0([ € P7%). (4.83)
On the other hand, from the definition of « in (4.46)
a=0(¢”P?) (4.84)

and differentiating & with respect to ¢

& =0() ¢ PP (4.85)
Then from (4.80), (4.82)-(4.85)

Xy =0(| € [P79) (4.86)
and

X{=0( £P™). (4.87)

Differentiating (4.79) we find that G’ satisfies the differential equation

%é' =X|G' and G'(w,t,0)=1 (4.88)

Then, integrating (4.88) and using (4.87) we have
1 1 1
| G'(w,t) = I|<] / X{G'ds |< c/ | X1 ds < c1/ | G(w,t,s) |PP ds.  (4.89)
0 0 0

By (4.87) we see that X](0,t,s) = 0, then noting that G(0,t,s) = 0 we find that
G'(0,t,s) = I, from where

G(w,t,s) = w+ o) w)). (4.90)
Thus from (4.89) and (4.90)
| G'(w,t) =T |< c2 | w [P, (4.91)
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To show (4.77) we consider the 2n +2 component of (4.55), then we have that § satisfies
d _ -
-agg(w,t,s) = Xon+2(G(w, ¢, s),t, ). (4.92)
But from the definition of X and Q
Xont2 = (—swi(J + sw1)™1,1,0)a. (4.93)

Here wy = h'"Jh so that
wy = O(] £ |73, (4.94)

Since A'(0,t) = 0 we have A/(€,t) = o(1) then, using (4.74)
wh = of] € I72). (4.95)
Now, using the definition of «, for the 2n + 1 component we have
apngr = 0| £ [P77) (4.96)
and then, using (4.81)-(4.85), (4.95) and (4.96), from (4.93) we find that
Xontz = ol w [P71). (4.97)
Differentiating (4.92), and doing an analysis similar to the one above we obtain

gu(w,t) = o] w P71).0

Proposition 4.2.
If H, satisfles (H5),(H1), (H2), (H7) and (H8) then there are constants ¥ > 0,§ >
2,c>0sothat +2>p>¢q@>2and
(H3w(w,t),w) > §H3(w,t) 2 & | w |?

Yw e R*™,|w|< 7, VteR.

Proof. Let us consider the following functions

a(w,t) = (Ayw, G1 (w0, 1)) + —;—(AlGl(w,t), Gi(w,1)), (4.98)
b(w, 1) = %(Agh(G(w,t),t),h(G(w,t),t)), (4.99)
c(w,t) = H(G(w,t), h(G(w, 1),1), 1), (4.100)
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Then )
Hi(w,t) = a(w,t) + b(w,t) + c(w,t) + g(w, t).

We analyze each term separately. Differentiating (4.98) and taking the inner product
with w yields

(d'(w,t), w) = (A1w, G1{w, 1)) + (A1w, Gi(w, )w) + (A1 G1(w, t), G} (w, t)w). (4.101)
From Lemma 4.6 we have
(@' (w,t),w) = O w [PP*2) 4 O(| w [PP042), (4.102)
By the definition of B(p), and noting that p > 2
Blp)+2=Min{2p-2,p+1} 2p+6
where § = p — 2. Also 28(p) +2 > p + 4, so that
(a'(w,t),w) = O] w |P*?). (4.103)
Differentiating (4.99) and taking the inner product with w we obtain
(8'(w, t), w) = (A2h(G(w, 1),1), G A (G(w, 1), t)w).

Then from Lemma 4.6
(' (w,t),w) = O(| w |p+5). (4.104)

Finally let’s analyze the function c. Differentiating (4.100), and taking the inner product
with w

(c'(w,t),w) = (Hig, (G(w, 1), (G(w, 1), 1),1), G’ (w, t)w)

b (s (Gl ), (G (w,1),0), ), K (Gl 0, 0GBy )
By Taylor’s theorem and Lemma 4.6 and using that H,,(z,t) = o(1) we have
Hi(G(w,t), R(G(w,t),1),t) = Hye, (w,0,t) + o] w [P71). (4.106)
In a similar fashion we obtain
(H16,(G(w,1), h(G(w, 1), 1), 1), ' (G(w, £),)G' (w, hw) = of| w |P). (4.107)
From (4.106), (4.107) and (4.104)
(c'(w,t),w) = (Hyg, (w,0,t),w) + o] w |7). (4.108)
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From (4.77), (4.103), (4.104) and (4.108) we obtain
(Hau(w,t),0) = (g, (w,0,8), w) + of w 7). (4.109)
By analyzing a, b, c and g in the same way we also obtain
H(w,0,t) = Hs(w,t) + of| w |P). (4.110)
From (HT7), and (4.109) we have
(Hsw(w,t),w) > ¢Hy(w,0,t) + o] w |7), (4.111)
thus by (4.110), (4.111) and (H7) there is € > 0 so that for r; > 0 small enough
(H3w(w, 1), w) > (¢ — €)Hs(w, 1), (4.112)
Yw e R, |w|<r;, VtER.
The constant € > 0 can be chosen so that § = ¢ — € satisfles §4+ 2 > p > § > 2. On the
other hand from (H7) and (4.110)
Hy(w,t) = By(w,0,8) + o w [7) 2 ¢ | w | +o(] w [7)
so that there is a constant r, > 0 so that for a constant ¢ and | w |< ry

(g - e)Hs(w,t) 28| w

by setting ¥ = Min{r;,r2} we complete the proof.{

Remark 4.9 As we said before, all the results we have proved in this section can be
obtained if we assume that H satisfies an adequate hypothesis. We preferred to impose
the conditions on H; instead,for simplicity.

§4.5 Proof of theorem II.

This is a direct application of Theorem I noting that by Remark 4.4 Hj satisfies
(H1). We only want to mention that in the case the system has —1 as a Floquet
exponent, the reduced system (4.33), or system (4.71) obtained from (4.33) by applying
Proposition 4.2:

W= JAw + JHyp(w,t)

is R-periodic. A change of variables we perform now allows us to obtain (4.72) to which
theorem I is applicable.

Lemma 4.7.
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There is a symplectic matrix function R(t) so that w(t) is an Rk-periodic solution

of i
W= JAjw+ JH3,(w,t)

if and only if 2(t) = R(t)w(t) is a k-periodic solution of
z = JB(t)z 4+ JK.(z,1)

with the matrix B(t) defined by B(t) = —JR(;)R"I(t) + R™17(t)A; R71(t) symmetric
and the higher order term given by K(z,t) = H3(R(t)™'2,1).

Proof. The proof corresponds to the nonlinear reduced version of Lemma 3.2. The
matrix R we are using here corresponds to the block R; we defined in Section 4.1. We
can define R(t) in the same way as we did in Lemma 3.2. The proof follows directly.¢
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APPENDIX A. LOGARITHM OF A MATRIX.

This appendix is devoted to the definition of the logarithm of a real matrix. We
collect here some elementary properties of the logarithm, as they are used in the text.
We will define the logarithm of a matrix using the Cauchy formula for the logarithm
in the complex plane. We will follow the presentation of Yakubovich and Starzhinskii
[16], and we refer to this book for the proofs we omit.

Let X be an n X n matrix with coefficients in C. Let Ay, A2, ..., A\t be the different
eigenvalues of X (without counting multiplicity). We assume that X is nonsingular, so
that all eigenvalues are different from zero. Let I be a ray in the complex plane going
from the origin to infinity, not containing any of the eigenvalues Ay, A2, ..., Ak, and not
containing 1. In C\ ! we can define a single valued branch of the logarithm in the usual
way

logz=log| 2| +iargz (A.1)
where arg z is the branch of the argument function satisfying arg1 = 0.
Let I'; be circles, centered at the points A;,7 = 1,2, ...k, which are mutually disjoint

and do not intersect I. Let G; denote the open disk with boundary I';. If G = U;?:l Gj

then log z is well defined and analytic in an open set containing G.
Using the Cauchy formula we now define a logarithm function for the matrix X by

k
log X = :_2—1—2/ (zI, — X) ' log z dz. (A.2)
T

me £
=1

Lemma A.1.
(i) If K =log X then X =exp K.

(ii) If Q is a nonsingular matrix then

log(Q7' X Q) = Q7' (log X)Q.

Proof. For (i) see [16], page 55. (ii) is direct from the definition.$

Remark A.1. A more general notion of logarithm can be defined if in each G; a
different branch of the complex logarithm is considered. If m; € Z, then define

log(z)m; = log z + 2mim; (A.3)
then we define )
1 -1
log(X)s = P ];/F’ (z2In — X) 7 log(2)m; dz, (A.4)
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where m = (m3,ma,...,m¢). This logarithm of X also satisfies Lemma A.1. For our
purposes it will be enough to take m; = 0,7 = 1,2,..., k. See [16].

Remark A.2. If the matrix X is real, one would like log X to be real. This is not
always possible, however the following lemma tell us when it is so.

Lemma A.2.
If X is a real matrix with no eigenvalues on the negative real axis then log X is a
real matrix.

Proof. See (16], page 56.¢
When the matrix X is a symplectic real matrix, i.e.

XJIX=1J
then the logarithm of X satisfies a special property:

Lemma A.3.
If X is a symplectic matrix then

(log X)*J = —Jlog X. (A.5)

Proof. See [16], page 211.0

Remark A.3. In (A.5) we have used * for conjugate transpose instead of 7 because in
general, as we said before, the matrix log X is not real.

The block property for the logarithm of a matrix is obvious, but we make it explicit.
Let the matrix X have the following block form

(X1 0
X = ( ¢ X2>.
where X; is an n; X n; matrix, 1 = 1,2. Let us further assume that the eigenvalues of
X, are different from the eigenvalues of X, then we obtain directly from the definition

that
_ [log X, 0
logX = ( 0 log Xz) . (A.6)

Here we understand the logarithm of the blocks defined as in (A.2) but restrict the sum
to the eigenvalues in the corresponding block.

Lemma A .4.
If X is as before and both log(—X) and log(X') are well defined then

log(—X) =inl, +log X
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Proof. For every z € C such that z and —z do not belong to | we have
log(—z) = i7 + log 2.

Changing the variable z to —z in the integral (A.2), the result follows.$

Finally we have a lemma concerning the relation between the eigenvalues of a matrix
and its logarithm.

Lemma A.5.
Let A be a real matrix. If exp A has one eigenvalue equal to 1 then dm € Z so that
A — 2mV has zero as an eigenvalue. Here the matrix V is defined by

0 K
v=(% %)

and the matrix K is defined by

0 0 1
0 10
K=]|. L
1 0 0

Proof. Let J be the Jordan canonical form of A, i.e. for some nonsingular matrix @
QIQ™! = A.
Since exp A has 1 as an eigenvalue v € R", v # 0 such that
expAv =v

and then
exp(pA)v = v, Vp e 1.

Using the Jordan canonical form we obtain, by taking w = Qv

exp(pJ)w=w  Vpe€l,

and by blocks
exp(pJ;)w; =w; Vp€Z,j=1,2,..,k.

Since v # 0, for at least one index the vector w; is not zero. Considering this index,
but droping it from the formulae we have

exp(pJJw=w  Vpel, (A.6)
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with J = Al + U and U is a upper diagonal matrix. Actually the matrix U has the
form

v, o ... 0

0o U; ... 0
U=1 . . . .

0 o0 ... U

where

010 0

0 0 1 0
Ui=1: :

0 0O 1

0 0 0O 0

If A =a+1:8, then (A.6) can be written as
e*? exp(ipfI + pU)w = w

Since this has to be true Vp € Z, and w # 0, we conclude that & = 0. Consequently A
is purely imaginary.
Using the block structure of U we have that for some Uj, the corresponding vector
w; # 0 and
e'hr exp(pUj)wj = wy, Vpel (AT

For simplicity, let us drop the index j in (A.7). We can calculate exp(pU) explicitly

n

1 p & ... &
01 p ... &;117
epl)=| . . . .
0 0 O D
0 0 O 1

Thus .
exp(pU)w = (w1 + pwa + ... + I;)l—'wn, ey Wn ).
All components of exp(pU)w have to be bounded, in particular the first one, and this is
possible only if ws = w3 = ... = w, = 0, consequently w = (wy,0,...,0), and then (A.7)
implies
e'?? =1 Vpe Z,

in particular e’ = 1, thus 8 = 27m, for some m € 7.
We conclude that A has an eigenvalue A = 2mim, for m € Z.
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If m = 0, then certainly A — 2rmV has zero as an eigenvalue. If m # 0, since A is
real, A = —2mim is also an eigenvalue of A. Then the conclusion follows since the real
representation of the pair (A, A) is the matrix

0 —2rm
2rm 0 !
then A — 27mV has zero as an eigenvalue. The multiplicity of 0 is in this case at least

2.¢

APPENDIX B. BRIEF PERTURBATION THEORY
FOR SYMMETRIC MATRICES.

In this appendix we collect some basic facts about the perturbation theory for
eigenvalue problems for symmetric matrices and we give a proof of Propositions 2.1, 2.2
and 2.3.

The subject of perturbation of eigenvalue problems is well known, and we refer the
reader to the book by Kato [8] for more information. Also the book by Rellich [14] is
worth mentioning.

After enunciating the basic theorem, we describe the calculations necessary to ob-
tain the power series for the eigenvalues of the perturbed problem. We then specialize
the results to perturbation linear in € and then apply these results to our situation.

Suppose we have a power series

Ale) = Ao + €A + 2 A + ... (B.1)

which converges for small €, where the A; are n X n symmetric matrices. We consider

the eigenvalue problem
A(e)v = Iv. (B.2)

Theorem B.1.

Suppose A is an eigenvalue for the matrix A(0) = Ao of multiplicity k > 1, and
suppose that the interval (A — a, A + B) contains no eigenvalues of Ay other than A,
where a, § are positive real numbers.

Then there exist convergent power series

() =A+ 2 Ve APy i=1,2,.k (B.3)

and
vi(e) = vl(-o) + vfl)e + v,(-z)as2 +.., 1=12,..,k (B.4)
where )\Sj) €R, v,(j) € R™, such that
A(e)vi(€e) = Ai(e)vi(e) 1=1,2,...,k (B.5)
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and (vi(e),v;(€)) =& 4,7 =1,2,..,k. (B.6)

For0 < o' <aand0 < B' < B, thereis § > 0 such that in the interval (A — o', )\ + '),
Ai(€) are the only eigenvalues of A(e) for | € |< 6.

For a direct proof of this theorem see [14]. See also [8].

Our aim now is to give a formula to compute the coefficients ,\ﬁf ) of the power series
(B.3). Given a symmetric matrix A, we can consider its spectral decomposition

= zm: AP (B.7)
i=1

where {A1,A2,...,Am} = 0(A4) is the spectrum of A and P; is the matrix of orthogonal
projection onto the eigenspace associated to A;.
The resolvent of the matrix A is defined for every ¢ € C\ o(4) by

R(E) = (A-ED™" (B.8)

We can obtain a power series expansion about an eigenvalue, say A;, using (B.7): for
large £ € C

(A—€D' = —g D éA)f

(B.9)

where we used the facts that the series is absolutely convergent and that the projections
are orthogonal. We observe that (B.9) makes sense for every £ ¢ o(A).
Reordering terms, for £ close to A;, we have
= 1

=~ 1 =~ 1 :
DB vr P B vy ;(E_A‘)](A,-—Al)fp‘

- N (B.10)
= jg(f M) [; . Pi]1+1~
Then we can write, from (B.9) and (B.10)
R(E) = 5 1_5 +3 (6= n)is (B.11)
1=0
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where the matrix S is called the reduced resolvent and it is given by

~ 1
S=gaﬁka.

From (B.11) we obtain that

-i—rm9¢=a, (B.12)

27

where T is a small circle around A;. Considering the matrix valued function, A(e), we
can define the resolvent

R(¢,€) = (A(e) =677, (B.13)

If X is an eigenvalue of A(0) of multiplicity k, then by the perturbation theorem,
for small ¢ in an open interval about A the only eigenvalues of A(e) are Aj(e), ..., Ax(e).
If we denote by P(€) the projection onto the eigenspace associated to Aj(e),..., Ax(€)
then using essentially the argument given above, we can prove that

1
~5r7 R = P(@ (B.14)
where I is a small circle containing A;(e), ..., Ax(¢). Noting that

(A(e) = AD)R(¢,e) = I + (£ — MR(E, o),

from (B.14) we obtain that
1
(49 = MDP() = -5 [ (€~ VR(E O de. (B.15)

On the other hand, if B(e) = oo, 4i€’,

R(¢,€) = (Ao + B(e) - &€I)7!
= (Ao — ED7H(I + B(e)(4o — £)™1) 7!
= R(€,0)(I + B(e)R(£,0))7".

Then, a power series expansion leads to

R(¢,€) = R(§) Y (-B()R(6)). (B.16)

p=0
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Finally, from (B.15) and (B.16)

(A() = ADP(e) = 3 (~1)r*1 L /F €~ NREOBOREY . (B17)

2w
p=0

Knowing the power series B(e) allows to obtain a power series

oo

(A(e) = \P(e) = Y€’ 4, (B.18)

=1

where the first integral, for p = 0, vanishes by (B.15). Dividing (B.18) by € we obtain

oo

A(e) = %(A(e) NP =Y P dpy. (B.19)

p=0

The matrix series fi(l)(e) is symmetric and for every eigenvalue A(1) of A; we can use
the perturbation theorem to obtain a power series of eigenvalues of /i(l)(e). Thus the
coefficients /\Sl), 1 <i< k,in (B.3) correspond to the eigenvalues of A;.

This process called Reduction Process can be continued to obtain the higher order

coefficients of (B.3). The matrix A()(e) given in (B.19) is a perturbation of 4; =
/‘i“)(O); thus for each of the eigenvalues /\il) of A; we can apply the Reduction Process
to obtain the coefficients AE2). By applying it several times we can obtain any coefficient
in (B.3).

So far we have described the general perturbation problem. We now specialize to
linear perturbations in €. In particular we are interested in obtaining a formula for fip
in the case all A; are zero for ¢ < p. This will give a formula for the first nonzero
coeflicient in (B.3).

If A(e) = Ao + €A, then B(¢) = €Ay and formula (B.17) greatly simplifies:

- 1
A= o [ RO RO &, (B.20)
™ Jr
where we assumed, for simplicity that A = 0. The resolvent (B.11) is given by
1 i
R() = —zP+) (65 (B.21)
¢ =
If we rewrite R(£) as
oo
R() = > &RV (B.22)
=1
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with the obvious identification with (B.21) to define the matrices R(), then we see that
given p

Ap= D (1P RO A R A 4 RW), (B.23)
vel,
where Q, = {v = (vo,v1,...,vp)/ vi 2 -1, P _o Vi = —2}. Thus for example,

f‘il = PA1P, and

A; = —PAPA;S— PA;SAP—SA, PA,P.

Formula (B.23) gives the matrix A, in terms of P, S and A,, for any positive integer p.
We are interested only in the first nonzero matrix A,, and in this situation the formula
is even simpler.

Lemma B.1
If Ag =0foralll1<q<pthen

Ay = (—1)PP2PA(SA)PP (B.24)

Proof. Our proof is based on the following simple combinatorial fact whose proof we
present later:

for g € N, if v € @4 and v # (-1,0,...,0,~1) then there is j such that 0 < j < ¢
for which Z‘j:o v; =—2or0.

We prove the lemma using an induction argument on p. If p = 1, then 4; = 0
implies A; = ~PA;SA; P as we can easily see from the formulae given above. Now
assume that the result of the lemma is true for every r such that 1 <r < p—1, and
let us assume that .;ip =0foralll < ¢<p Letve Qi and let us assume that
v # (~1,0,...,0,~1). Then from our claim, there is 0 < j < p such that

Q(v) = R 4, R(") . A, R(wp+1)
= (RO 4, R, A ROD) 4y (RO5#+0).. 4, R+

where 1) E?:o v; = —2 or ii) f:-lH v; = —2. Case i) We have two possibilities. a)
(vo,..yvj) = (-1,0,...,0,-1) or bj (voy .. vj) = (—-1,0,...,0,-1). If a) by induction
hypothesis R(*)A,..R(*i) = fij. Consequently, from our assumption, (B.24) shows
A; = 0 and hence Q(v) = 0. I b) then for ! = (vg,...,v;) € Q; and Q(v') =
R4, R | A} R() we can iterate the argument. We note that j < p+ 1. Case ii)
We proceed as in Case ii). After a finite number of steps we will find Q(v) = 0. Formula
(B.23) finally finishes the proof.

Now we prove the claim we made at the beginning. We have three cases: vy = -1,
vo = 0or vy > 0. Case 1. If vo = —1 then either vy = ... = y,_1) = 0 which is not
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allowed, or there is k < ¢ —1suchthat vy = ... = vty =0and vx #0. If vy = -1
we can take j = k. If vx = 1 then again we can take j = k. The remaining situation
corresponds to Zf:o v; > 0. Now, since E;’___o v; = —2 and v; > —1, there will be j < ¢
such that 377_, v = 0. Case 2. If vy = 0 then j = 0. Case 3. If yp > 0 then Zf:o v; >0
for k = 0, and we proceed as we did in Case 1. {

In what follows we apply the perturbation theory as presented above to prove
Propositions 2.1, 2.2.

Proof of Proposition 2.1. First we identify the terms according to the notation used

in the Appendix.
Let
T=0oWJ and TV =VJ. (B.25)

Then (2.3) can be written as

(T + eTDYw + Aw = 0. (B.26)

We apply the reduction process to (B.26).
We first compute the matrix

7 = pTWp (B.27)

where P is the projection matrix onto the eigenspace associated to the eigenvalue 0 of
T. Displaying the actual form of T we see that the eigenspace associated to zero is span
{e1,e21} so that P takes the simple form

P = diag(1,0,...,0,1). (B.28)

From the definitions given in (1.9), (1.19) and (B.25) we have

TV = ( 0 K)’ (B.29)
and then the coeflicients 0 .
T = Tji), = 0. (B.30)
From (B.28) and (B.30) we see then that

T = pTMpP =0, (B.31)

This indicates, according to the reduction process, that /\} =0, j=1,2 in(2.5).

The next step in the reduction process requires the introduction of the reduced
resolvent of T

1
S = Z P (B.32)
Aj#0 J
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where A; is an eigenvalue of T and P; is the projection matrix onto the eigenspace
associated with the eigenvalue A;.

In order to compute S we first obtain the nonzero eigenvalues of T'. After a calcu-
lation one obtains that

A2(A=0)2(A%2 - 1)'-2 ifleven

(A2 — 1)1 if 1 odd. (B.33)

det(T — M) = {

The eigenvalues of T different from zero are o and—o. Since ¢ takes the values 1 or —1,
from (B.32) and the spectral decomposition of T we see that

S=T. (B.34)
For a given p € N we compute (ST(M)P=1 from (B.25) and (B.34)
(STUNP~! = oP~{(WJV TP, (B.35)

From the definition of V' and W given in (1.19) we have

WJIVJ = (g ;’T) , (B.36)

so that, from (B.35) and (B.36)
- —y [ dF? 0 .
(STMYP=1 = gP1 ( 0 (dr)p—1> ) (B.37)

Then, from (B.29) and (B.37) we obtain

W) (gTMyp-1 = gp-1 K™ 0
TVW(STY) o ( 0 K@)t ) (B.38)
If p < I then, using Lemma B.1 and (B.38)
TP = (1P pTW(STM)P-1p = 0, (B.39)
and if p = [ then, using Lemma B.1 and (B.38) again
T = (1)) pTW)(gT(NI-1p
(-1) ( ) (B.40)

= (-1)"*1e'"1diag(1,0,...,0,1).

Thus, the first nonzero coefficients in (2.5) are the nonzero eigenvalues of ~TM so

that
MW= (-1, j=12 (B.41)
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This finishes the proof.$

Proof of Proposition 2.2. In this case

T=(_‘31, "Od), and T = —J. (B.42)

T has A = 0 as an eigenvalue of double multiplicity, with eigenvectors e; and ey;.
The projection matrix is given by P =diag(1,0,...,0,1), and as before

TW = pTMP = 0.
We compute the reduced resolvent S. A calculation gives
det(T — M) = A2(\% —1)!71, (B.43)
thus the eigenvalues of T are A = 0,1 =1 and A = —1, both 1 and —1 of multiplicity

-1
From (B.32), and the spectral decomposition of T we see that

S=T. (B.44)
From (B.42) and (B.44) we get
[ —-d o
(1) -
STV =1 ( 0 d’) . (B.45)
Then, for p € N
1 _ p1 [ (=1)P1gP 0
(STWHyp-1 = jp-1 ( 0 (@) (B.46)
and from (B.42)
_ . 0 dT p—l ~
TW(STWP ! =7 ((_1)pdp—1 ( ()) ) ' (B.47)
Thusif p < |, }
T®) = (~1)p+t1 pTO(STM)P=1p = 0, (B.48)
andif p=1 N
TW = (=1)?H1()) Kdiag((-1)",0,...,0,1). (B.49)

Now, recalling that in this case [ is odd,
T = +iK g(-1,0,...,0,1),
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whose nonzero eigenvalues are 1 and —1, giving
AV=1  and AP =-1
from which (2.10) follows. ¢

APPENDIX C. THE CENTER MANIFOLD THEOREM.

In this appendix we provide the modifications necessary to be made to the standard
Center Manifold Theorem in order to suit our needs.
We consider the following system of ordinary differential equations

6=1

&= Az + X(8,2,y,2)
Y= By+Y(6,z,y,2)
t=Cz+Z(0,z,y,2)

(c.1)

here z, y and z are vectors in R™®) | for n(z), n(y) and n(z) their corresponding dimen-
sions.

For system (C.1) we look for a locally invariant manifold parametrized by the
variable y, such a manifold is known as the center manifold. For more details we refer
the reader to [5] and [9].

We make the following assumptions:

(hl) A, B, C are constant matrices in real canonical form. A has eigenvalues with
negative real part, B has eigenvalues with zero real part and C has eigenvalues with
positive real part,

(h2) X,Y, Z are vector valued functions of class C? in a neighborhood
Ns{(8,2,y,2)/ |2 >+ |y | + ] 2 |’< 6%},

(h3) X,Y,Z and their derivatives with respect to 8, z, y and z are all zero for
arbitrary values of 8 when (z,y,z) = 0.

(h4) For matrices R;, R, and R, of the form

(L. O
R“"( 0 12,,,>

with I} o and I; » identity matrices of given dimensions, and o = z,y, z, we have the
following identities

X(6+1,z,y,2z) = R X(6,R.z,Ryy, R, 2)
Y(6+1,z,y,2) = RyY(6, Rz, Ryy, R.z)
Z(8+1,z,y,2z) = R.Z(8,R.z,R,y, R.2) .
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and R;A = AR,;, RyB = BR, and R,C = CR,,
(h5) For some constants ¢ > 0, p > 0 and 6; > 0

‘—93{—(0 0,4,0)<clyl?, %(G,O,y,o) <cly P,

8z
_— < p — (8 < p+1
3y(9,0,y,0)_0|y|, 59 (0:0,9,0) S|y [P,
for every y so that |y |< é;.

Remark C.1 We note that (h4) implies that the functions X, ¥ and Z are 2-periodic
in 8. Then we can apply the Center Manifold Theorem to system (C.1). We want to
use (h4) and (h5) to obtain extra properties for the center manifold.

Theorem C.1 .
For system (C.1) there is a center manifold given by

M = {(8,z,y,z)/ 0 arbitrary, | y |< &2, z = u(f,y), 2 = v(,y)}
where the functions v and v are defined and of class C? in a neighborhood

Ns, = {(6,9)/ |y |< 62}

and they satisfy
u(, Ryy) = R;u(b,y)

C.2
o(6, Ryy) = Rov(8,y) (©2)
And for some constants K and 8,
Ou P pH1
| 5o @) <Ky P, I (9y)|<1\|yl
v (C.3)

Ov .
la—y(é’,y)lﬁlxlyl”, Z(8,y) IS K |y [P+,

' a6
for all | y |< &3.

Proof. This theorem is proved by using the contraction principle in an adequate Banach
space. See [9]. We start describing a change of variables designed to deal with the local
nature of the problem. Let ¢(r) be a smooth real valued function so that ¢(r) = 1 if
0<r<1/2 and ¢(r) =0if 1 £ r < o0. For large R and for A in R we define

X,z,y,2, ) =¢(z |2+ |y >+ |22 +RADATIX (6, Mz, hy, A2)
Y(0,2,y,20) = (12 |2 + |y P +] 2 P +RADATIV(6, Az, Ay, Az)
Z(0,2,y,2,A) = ¢l z P+ |y > + | 2 P +RA*)ATIZ(6, Az, Ay, )
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With this change of variables system (C.1) is transformed into

f=1

= Az + X(8,z,y,2, )
y=By+Y(6,z,y,2,))
:=Cz4+2(0,z,y,2, )

(C.4)

and the functions X, Y and Z satisfy the following properties:

(h2)x X, Y and Z are defined and continuous, and for each ) fixed they are of
class C? in (4, z,y, z),

(h3)x X,Y,Z and their derivatives with respect to 8, z, y and z are all zero for
arbitrary values of § when (z,y,z) = 0. And D(o yz)(X,Y,Z) ~— 0 uniformly in
(6,z,y,2) as A = 0for 0 <|p|<L 2,

(}14),\
X(6+1,z,y,2) = R: X(6, Rz, Ryy, R,2),

Y(0+1,z,y,2) = RyY(8,R.z, Ryy, R, 2),
Z(6+1,z,y,2) = R, Z(6,R.z,Ryy, R.2),
(h3)x For some constants ¢ > 0, p>0and §; >0 and for A <1

X oX
— < P
5 0.0.0.0 ) <clyP, S5

0z 9z
= < P bt} < pt+i
ay(9707y70?A)—c'y| b 89(0,07y10’A)—c|yl 3

8,0,y,0,) < c|y [P*,

for every y so that |y |< 6.

We define the following space of functions
H! = {(u(b,y),v(0,y))/u and v satisfy(f1) — (f4)}

(f1) u and v are of class C! for all § and y,
(f2) v and v have period 2 in 4,
(f3) u(4,0), v(6,0), %(0, 0) %(9, 0) are all zero,
(f4)
| (u,v) ||= ogm)él (sup | D, (1, v) |< 00.

H! provided with the norm given in (f4) is a Banach space. For (u,v) € H! and for
8o,yo we define (¢, 89, y0,A) and 7(t, 8o, yo, A) as the unique solution of the differential
equation

f=1 (C.5) .
y = By +Y(6,u(6,y),y,v(6,y),A)
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and for which %(0,6y,y0,A) = 6y and 5(0,60,y0,A) = yo. Obviously the function ¥ is
given simply by ¥(t) = 6y + t. We define now our operator T in H!. The u-component
of T is given by the formula

0

Tu(u,v)(f)o,yo)=/ e~ A7 X ((0),u(¥(0), n(0)),n(0), v(b(0),1(0)), ) do (C.6)

00

and similarly the v-component is defined by

To(u,v)(00, y0) = / e~ Z(p(0), u(¥(0),n(0)), (o), v(¥(0),n(0)), V) do (C.7)

o0

In [9] it is shown that for A small enough the operator T' is a contraction in the unit
ball H! of H!. We will consider the following closed subset of H!:

HY(K) = {(u,v) € H'/ (u,v) satisfies (C.2) and (C.3)}

In what follows we show that for a certain constant K the operator T is a contraction in
HY(K). We first show that if (u,v) satisfies (C.2) then (T, (u,v), T»(u,v)) also satisfies
(C.2). We claim that

n(t,eo + 1, yOa’\) = Ry’?(t,eo,Ryyo, ’\) (CS)

Lets assume for the moment that (C.8) is true. Since (u,v) satisfies (C.2), by (h4)x and
(C.8) we have

To(u,v)(6o + 1, %0) =

1]
= / e—AonO + 1+ a,u(90 +1 + o, 77(0) 00 + l,yO, /\))1

-0

77(0" 6o + 1, yQ,’\))7v(90 +1+ 0777(07 90 + 1, o, ’\))’ ’\) do =

0
= [ A RX(G0 + 0, ReulBo + 1+ 0,1(0, 60 + 1,30, 1),

-0

RyTI(U, 00 + 1, Yo, ’\))vRZv(GO + 14 ag, TI(U, 00 + l,yoa A))a ’\) do

0
=R, / e~ 47X (0o + o,u( + 0, Ryn(o,00 + 1,y0, X)),

-0

n(o, 60, Ryyo, A)),v(6o + 0, Ryn(o,00 + 1,y0, A)), A) do

0
= RE / e_AaX(GO + U7u(90 + O',T](O', 607Ryy0a ’\))a

~—00

T](U, 60» RyyOa ’\))a 0(00 + ag, TI(U, 903 Ryy('h /\))7 ’\) do
= RIT(u,v)(Go, Ryyo)
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In other words we have proved

Tu(u,v)(fo + 1,%0) = R Tou(u,v) (60, Ryyo) (C.9)
In a similar fashion we can show

Ty(u,v)(6o + 1,30) = R:To(u, v)(60, Ryyo) (C.10)

In order to complete the proof we check that (C.8) is correct. Let us consider the
function

ﬂ*(t) = Ry’?(t, 907 RyyO)- (Cll)
Then n*(0) = yo, and since (u,v) satisfies (C.2) and Y satifies (h4)x we have

dn*
= ”dt 21,80, Ryyo) =

=Ry Bn(t,8, Ryyo) + RyY (60 + ¢, u(eo,n),n,v(% +t,7),A)
=Bn*+Y(6 +1+1t,Reu(bp +¢,n), Byn, R:v(6o +t,7m),))
=Bn*+Y(6 +1+tu(lo+1+tn"),n%v(0 +1+t,1%),X)

Then, by uniqueness of the solution of (C.5) we have

n (t) U(t 90 +11y0’A)7

i.e. (C.8) is satisfied.

We now show that a constant K exists so that given (u,v) € H! that satisfies (C.3)
the functions (T (u,v), Ty (¢, v)) also satisfies (C.3). We will use the following result on
the behaviour of 7(t, 8o, y0, ) that can be prove using the ideas given in [9], Lemma 3:
for A small enough and (u,v) € H' we have

| n(t, 00,90, A) |< 2 | o | (C.12)
9n 2|t
I -a—y(ta BOv yo,)\) IS e ’ (013)
on 291t

The constant 4 has been chosen so that —a+2v(p+2) < 0 where a and —a are lower and
upper bound for the real part of the eigenvalues of the matrices A and C respectively.

We have to find K so that if (u,v) satisfies (C.3) then T(u,v) also satisfies (C.3).
Let g(6o,v0) = Tu(u,v)(0,y0), then we have

a 0 X Ou d 80X 3 oX Bu o
‘2(90,3/0)=/ e~ (92 9u 00 7 L) do (C.15)

—oo Oz 3y3y+8y 3J+8z dy 8y
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From (C.3) and (C.12) we have

o
| 5:—(00 +0,1(0,60,0, 1)) 1< K [n(9,60,30,A) [P< Ke?PTlel | yq P, (C.16)

and by integrating (C.3) we obtain

) K
| u(o,0) |< Pt | o [P (C.17)

and K
| v(80,70) < pr1 [yo [P*1. (C.18)

Let us estimate the middle term in (C.15). Noting that X is of class C?, by the Mean
Value Theorem and using (h3)x, we see that for A small enough

oX 0X
- <
I ay (90 + g,u, 77,“,/\) ay (60 + g, 0,77,0,'\) ‘_
+1
< B~ (it +on(o, 60,50, ) | + |00 + on(o. 60,0, 0) [} (C19)

S K l 77(0’, HO’yO’)‘) Ip+1
< Ke2(ptlo| | Yo |p+1,

here we used (C.12), (C.17) and (C.18). Then, by (h5)a, (C.13) and (C.19) we obtain

0 0
0X 0
| / a1 / a2 (c + Ke 2007 |y )t} [ yo [P (C.20)

Choose K so that

0
/ e(*=2M%cdg < _IGE (C.21)
and choose 64 so that,
0
/ b4el0~ (D) g5 < %. (C.22)
Then, from (C.20), (C.21) and (C.22) we conclude that for all | yo |< 64
0 38X dn K
A — —do [< = |y |7 23
[ erpdris g lwl (c.23)

Now we estimate the first term in the right hand side of (C.15). By (C.13) and (C.16)

Y 0
» | / e—Aa%%g_Zda IS (/ e(a—27(p+1))oI\: |

oX
a

T

| do) | yo |P (C.24)
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From (h3), and by restricting A if necessary, we have

0
oX 1
(a=27(p+1))o | T2 < =
[-ooe | 52 | do < 3 (C.25)
and then from (C.24) and (C.25)
o X 8u d K
—AG_______Z]_ < - P
[ et el T el (C.26)
In an analogous fashion we can prove that
0 80X 0v On K
—AU_______ < o b4
I/-ooe 6z3y8yda|“3 | yo [P . (C.27)

Thus, from (C.18), (C.23), (C.26) and (C.27) we see that there is é5 > 0 and K so that
for all | yn |< &5

8
| 5200, v0) IS K |30 7. (C.28)
Y
A similar argument can be given to show that if h(6p,y0) = T, (u,v)(6o,y0) then

oh .
| 5?/'(90,3/0) ISK [yo 7. (C.29)

In order to show that the derivative with respect to 8 of g and h satisfies condition (C.3)
we proceed in a similar fashion. We may need to reduce further A and increase K. We
omit the details. ¢
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